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Abstract. We further develop the theory of inducing VF-graphs worked 
out by Howlett and Yin in [BJ, [7], focusing on the case W = S n . Our 
main application is to give two W-graph versions of tensoring with 
the S n defining representation V, one being — for 3% ', Jtj the 
Hecke algebras of S n ,S n ^i and the other (J^ + %w — )i, where Jf + 
is a subalgebra of the extended affine Hecke algebra and the subscript 
signifies taking the degree 1 part. We look at the corresponding TV- 
graph versions of the projection V ®V ® ► S 2 V ® —. This does not 

send canonical basis elements to canonical basis elements, but we show 
that it approximates doing so as the Hecke algebra parameter u — > 0. 
We make this approximation combinatorially explicit by determining 
it on cells. Also of interest is a combinatorial conjecture stating the 
restriction of iff to J£j is "weakly multiplicity-free" for \ J\ = n — 1, 

and a partial determination of the map Jt? ffl — » <ffi on canonical 
basis elements, where (3 is the counit of adjunction. 



1. Introduction 

The polynomial ring R := C[x\, . . . ,x n ] is well understood as a CS n - 
module, but how this C5 n -module structure is compatible with the struc- 
ture of R as a module over itself is not. This work came about from an 
attempt to construct a combinatorial model for R as a CiS ra -submodule 
that takes into account multiplication by the The hope is that such a 
model would lead to a better understanding of the Garsia-Procesi modules, 
particularly, the combinatorics of cyclage and catabolism. We also might 
hope to find modules corresponding to the fc-atoms of Lascoux, Lapointe, 
and Morse and uncover combinatorics that governs them. 

Such a model might look something like this: decompose the tensor 
algebra TV into canonically chosen irreducible C<S n -submodules, where V 
is the degree 1 part of R. Define a poset in which an irreducible E' is 
less than an irreducible E if E' C V ® E. Somehow project this picture 
onto a canonical decomposition of R into C<S n -irreducibles. Lower order 
ideals of the projected poset would correspond to C5„- modules that are 
also -R-modules. Edges would be controlled by a local rule saying that a 
path of length two (E, E'), (E', E") must satisfy E" C S 2 V ® E. 
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The main results of this paper are a first step towards this approach; 
further work will appear in p] . To obtain a nice decomposition of TV and 
R into irreducibles, we replace CS n with the Hecke algebra Jff' of W = S n 
and apply the theory of canonical bases. The functor V <g> — is replaced 
by Jt? (3jg>j —, J = {s 2 , • • • , s n _i} C S, S the simple reflections of W. We 
are naturally led to a construction that takes an J^j-module E coming 
from a Wj-graph and produces a W-graph structure on J4? E. This 
construction of inducing IV-graphs, found independently by the author, is 
due to Howlett and Yin [6J. We spend a good deal of this paper (§21- JO) 
developing this theory, proving some basic results of interest for their own 
sake as well as for this application. 

Once this groundwork is laid, we can form a VT-graph version of TV&E, 
TV being the tensor algebra of V, for any ^-module E coming from a 
VF-graph. We can then try to project this onto a VF-graph version of 
SV ® E = R (g> E. This is even interesting for T 2 V and S 2 V and is 
what we focus on in this paper. Define T 2 ed V := Z{xi <g> Xj : i ^ j} and 
SredV := ^{xi ® Xj + Xj ® Xi \ i ^ j}. We show in Proposition 17.101 
that our P^-graph version of T 2 V ® E has a cellular decomposition into 
F 2 := ®j\ S2 E and ®j E, which at u = 1 become T 2 ed V <8> E and 

V ® E. There is a canonical map ( 1H1) 

f 2 A ® 5Vs2 

specializing at u = 1 to the projection ® — >• iS^jV ® The map 

/3 does not send canonical basis elements to canonical basis elements, but 
it approximates doing so as the Hecke algebra parameter u —>■ (Corol- 
lary 18. 91) . This partitions the canonical basis of F 2 into two parts-the 
approximate kernel, which we refer to as combinatorial wedge, and the 
approximate inverse image of the canonical basis of Jif ®5\ S2 E, which 
we refer to as combinatorial reduced sym. Theorem 19.11 determines this 
partition in terms of cells. 

We also consider a W^-graph version of tensoring with V coming from 
the extended affine Hecke algebra. This mostly parallels the version just 
described, but there are some interesting differences. Most notably, the 
combinatorics of this W- graph version of the inclusion T 2 ed V <g> E — >• V ® 

V ® E is transpose to that of the other; compare Theorems 19.11 and 19.31 
This paper is organized mainly in order of decreasing generality. We 

begin in §21 by introducing the Hecke algebra, H^-graphs, and the induc- 
ing W^-graph construction. We reformulate some of this theory using the 
formalism of IC bases as presented in [2] . This has the advantage of avoid- 
ing explicit calculations involving Kazhdan-Lusztig polynomials, or rather, 
hides these calculations in the citations of [6], [Tj. This allows us to focus 
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more on cells and cellular subquotients. In £J3] we specialize to the case 
where W-graphs come from iterated induction from the regular represen- 
tation. In this case we prove that all left cells are isomorphic to those 
occurring in the regular representation of W (Theorem 13.51) . Next, in §|H 
we review the combinatorics of cells in the case W = S n . As was first 
observed in [TTJ, there is a beautiful connection between the Littlewood- 
Richardson rule and the cells of an induced module J^ 7 ®.^ E (Proposition 
14.11) . The combinatorics of the cells of the restriction Resj^Jf is less fa- 
miliar; see Conjecture 13.81 Sections [5] and [6] give a nice result about how 
canonical basis elements behave under the projection M' ®j ffl — > J^. 
The remaining sections [3, [HJ and M contain our main results just discussed. 

2. IC BASES AND INDUCING W-GRAPHS 

2.1. We will use the following notational conventions in this paper. If A 
is a ring and S is a set, then AS is a free A-module with basis 5* (possibly 
endowed with some additional structure, depending on context). Elements 
of induced modules Jf? <S>j^j E will be denoted hMe to distinguish them 
from elements of a tensor product over Z, F ®z E, whose elements will be 
denoted f ® e. The symbol [n] is used for the set {1, . . . , n} and also for 
the u- integer (defined below), but there should be no confusion between 
the two. 

2.2. Let W be a Coxeter group and 5* its set of simple reflections. The 
length £(w) of w G W is the minimal I such that w = Si . . . Si for some 
Si G S. If £(uv) = l{u) + £(v), then uv = u • v is a reduced factorization. 
The notation L{w) = {s G S : sw < w}, R(w) = {s G S : ws < w} will be 
used for the left and right descent sets of w. 

For any J C S, the parabolic subgroup Wj is the subgroup of W gen- 
erated by J. Each left (resp. right) coset wWj (resp. Wjtu) contains an 
unique element of minimal length called a minimal coset representative. 
The set of all such elements is denoted W J (resp. J W). For any w G W, 
define w J , jw by 

(1) w = w J ■ jw, w J G W J , jw G Wj. 
Similarly, define wj, J w by 

(2) w = Wj ■ J w, Wj G Wj, j w G j W. 

2.3. Let A = Z[u, u" 1 ] be the ring of Laurent polynomials in the indeter- 
minate u, A~ (resp. A + ) be the subring Z[m _1 ] (resp. Z[u]), and 7 : A — ► A 
be the involution given by u = u~ l . The Hecke algebra Jif of W is the free 
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w G W} and relations generated by 

if uv = u ■ v is a reduced factorization, 



For each J C S, Mj denotes the subalgebra of Jf with A-basis {T w : 
w G Wj}, which is also the Hecke algebra of Wj. 

The involution, 7 , of Jif is the additive map from M 3 to itself extending 
the involution 7 on A and satisfying T w = T~\. Observe that T s = T^ 1 = 
Tg+u^ 1 —u for s G S. Some simple -invariant elements of ffl are C[ A := T i( j 
and C' s := T s + u~ l = T^ 1 + u, s G 5*. The -invariant u- integers are 



2.4. Before introducing W^-graphs and the Kazhdan-Lusztig basis, we will 
discuss a slightly more general setup for canonical bases. The presenta- 
tion here follows Du [2]. This formalism originated in [9] and was further 
developed by Lusztig and Kashiwara (see the references in [2]). 

Given any A-module E (no Hecke algebra involved), we can try to con- 
struct a canonical basis or IC basis from a standard basis and involution 
7 : E —>■ E. Let {tj : i G /} be an A-basis of E (the standard basis) 
for some index set I and assume the involution 7 intertwines the involu- 
tion 7 on A: at = at for any a G A, t G E. Define the lattice J? to be 
A~{ti : % G /}. If there exists a unique -invariant basis {cj : i G /} of the 
free y4 _ -module ££ such that q = tj mod -u^Jzf , then {q : % G /} is an IC 
basis of E, denoted 



Theorem 2.1 (Du [2]). With the notation above, if (/,-<) is a posei such 
that for all j G /, {i G / : i -< is /inrfe and t,- = 1,- mod : i -< j}, 
i/ien i/ie /C fraszs TCE({ti ■ i G /}, 7 ) exists. 

In the remainder of this paper, 7 will be clear from context so will be 
omitted from the XC() notation. An observation that will be used in §2.71 
and §|3]is that this construction behaves well with taking lower order ideals. 

Proposition 2.2. With the notation of Theorem \2.1l if I' is a lower order 
ideal of I and E' := A{ti : i G I'} , then 



Proof. The poset I' and the involution ■ restricted to E' satisfy the neces- 
sary hypotheses so that Theorem 12.11 applies. Label the resulting IC basis 
by di, i G V and put ££' = A~{U : i G I'}. Then d { = U mod u~ x S£' 
for i G I' certainly implies di = tj mod w _1 Jzf . Uniqueness of the IC basis 



(4) 



lC E ({u^eI},-). 



ICeHU: ieI , })={c i :iEl'}QlC E ({U: i e I}) 



then implies di = Ci (i G I'). 



□ 
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We now come to the main construction studied in this paper. Let E 
be an ^/-module with an involution 7 : E — > E intertwining 7 on M'j 
(he = he for all h £ J#j and e £ E). Suppose T is a -invariant A-basis of 
E. Put E = Jf? E. We will apply Theorem O to E with standard 
basis T : = {T z : z £ W J x T}, where T Wj7 := T w KI7. The lattice Jzf is then 
A~T. Define the involution ~ on E from the involutions on E and Jif: 

(5) hWe = hMe, for every h e Jif,e £ E. 

It is easy to check (and is done in [6]) that the definition of 7 : E — > E is 
sound, that it's an involution and intertwines the involution 7 on 

Let -< be the partial order on W J x T generated by the rule: («/, 7') -< 
(w, 7) if T w i a i appears with non-zero coefficient in (T w — T w ) IE 7 expanded 
in the basis T. Since T w — T w is an A-linear combination of T x for x < w, it 
is easy to see that f wn -f wn O £ 7 £ T) is an v4-linear combination 
of {2^,(5 : x < w, 5 £ T}, so the definition of -< is sound. To see that 
D Wj7 := {(u/, 7') : («/, 7') ^ (10,7)} is finite, induct on £(«;). The set 
D w>7 is the union of {(1^,7)} and £V i7 ' over those («/, 7') such that T^^y 
appears with non-zero coefficient in (T w — T w ) Kl 7, each of which is finite 
by induction. 

Thus Theorem 12 . 1 1 applies and we obtain a canonical basis A = XC^(T) = 
{C' wn : w £ W J ,7 £ T} of -E. This is one way of proving the following 
theorem that is Theorem 5.1 in [6] (there they use the basis C wn that is 
= T WjJ mod uA + T). 

Theorem 2.3 (Howlett, Yin [6]). There exists a unique '-invariant basis 
A = {C' wn : w £ J¥ J , 7 £ T} of E such that C' wri = f wn mod u~ x ££ . 

Applied to J = and T the free A-module of rank one, this yields the 
usual Kazhdan-Lusztig basis Tw '■= {C' w : w £ W} of J4f. 

2.5. In |9j, Kazhdan and Lusztig introduce H^-graphs as a combinatorial 
structure for describing an J^-module with a special basis. A W^-graph 
consists of a vertex set T, an edge weight fi(5, 7) £ Z for each ordered pair 
(5,7) £ T x T, and a descent set £(7) C S for each 7 £ T. These are 
subject to the condition that AT has a left ^-module structure given by 



We will use the same name for a H^-graph and its vertex set. If an 
^-module E has an A-basis T that satisfies ([6]) for some choice of descent 
sets, then we say that T gives E a W -graph structure, or T is a P^-graph 
on E. 
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It is convenient to define two VT-graphs T,V to be isomorphic if they 
give rise to isomorphic ^-modules with basis. That is, r = V if there 
is a bijection a : T — > V of vertex sets such that L{a{^)) = £(7) and 
[A (a (S), 01(7)) = fJ,(d, 7) whenever L(5) L(j). 

Given a PF-graph T, we always have an involution 

(7) 7 : AT — > AT, with 7 = 7 for every 7 G T, 

and extended A-semilinearly using the involution on A. It is quite clear 
from (and checked in [6]) that this involution intertwines 7 on Jtf. 

2.6. Now let T be a VFj-graph, E = AT, and 7 : E — > E be as just 
mentioned in ([7]). Then we are in the setup of §2.41 except T is a Wj- graph. 
instead of any -invariant basis of E. Maintaining the notation of §2.4[ let 

A = TC g (T) = jc^ i7 : w G iy J ,7 G r|. As would be hoped, A gives E 
a 1^-graph structure. 

Define P x> s >wn by the formula 

(x,s)£\v J xr 

For every (x, 5), (w, 7) G W J x T define 
( 9 ) 

{coefficient of u 1 in P Xt s, w ,-y if x < w, 
M5,7) ifx = w, 

1 if x = sw, x > w, s G S, 5 = 7, 

otherwise. 

Also define L(«;, 7) = L(iy) U {s G 5 : sw = lot, t G £(7)}. Now we can 
state the main result of Howlett and Yin. 

Theorem 2.4 ([6] Theorem 5.3]). With fi and L as defined above, A gives 
E = ®3%>j AY a W '-graph structure. 

We will often abuse notation and refer to a module when we really mean 
the VT-graph on that module, but there should be no confusion as there 
will never be more than one VT-graph structure on a given module. We 
will use the notation J4? ®^ T to mean the A in this theorem, in case we 
want refer to its vertex set or to emphasize the M^-graph rather than the 
module. 

Remark 2.5. A W^-graph is symmetric if it is isomorphic to a W-graph 
with fj,(x,w) = fi(w,x) for all vertices x, w. The P^-graph IV on the 
regular representation of J$? is symmetric. The H^-graph A defined above 
is symmetric if and only if T is symmetric, although this is not obvious 
from the definition of fi (02). In [6j, the H^-graph for A is defined so that 



W-GRAPH VERSIONS OF TENSORING WITH THE 5 n DEFINING REPRESENTATION 



it is clearly symmetric, and then it is proved later that it is isomorphic to 
the IV-graph A defined here. 

2.7. Let T be a W^-graph and put E = AT. The preorder < r on the 
vertex set T is generated by 

(10) 5 < ^ there is an h G M 3 such that S appears with non-zero 

— r ^ coefficient in the expansion of h^y in the basis V. 

Equivalence classes of <r are the left cells of T, or just cells since we will 
almost exclusively work with left cells. Sometimes we will speak of the 
cells of E or the preorder on E to mean that of T, when the TV-graph T is 
clear from context. A cellular submodule, quotient, or subquotient of E is a 
submodule, quotient, or subquotient of E that is spanned by a subset of Y 
(and is necessarily a union of cells). We will abuse notation and sometimes 
refer to a cellular subquotient by its corresponding union of cells. 

We will give one result about cells in the full generality of §2.61 before 
specializing W and the Wj-graph V . Let D be a cellular submodule of 
E spanned by a subset of T and p : E — > E/D the projection. Put 
r_B/D = p(X\Y D ). The Wj-graph Y yields IVj-graphs Y D on D and Y E / D 
on E/D. The involution 7 on i? restricts to one on D and projects to one 
on E/D] elements of Yd (resp. Y E / D ) are fixed by the involution 7 on 
D (resp. E/D). Since J^f is a free right J^j- module, we have the exact 
sequence 

(11) >J!?®jD >JF®jE >je®jE/D >0, 

p 

where the shorthand J>f ®j E := ffl ®^ E will be used here and from 
now on. In other words, inducing commutes with taking subquotients. It 
is also true that inducing and taking canonical bases commutes with taking 
cellular subquotients: 

Proposition 2.6. With the notation above and that of §2.6[ let Td = 

[f w>1 :weW J ^e T D } andf E/D = {T w ® 1 :weW J , 1 e Y E/D ). Then 

(i) TCjevjD (T D ) = [& wa :w6f J )7 Gr D }c lC g (f), 

(a) TCjevjE/D (t E /d) = {v{C' wa ) :wew J n£ r\r D } c p (ic E (f )) . 

Proof. Statement (i) is actually a special case of Proposition 12.21 From the 
definition of -< in §2.41 we can see that W J xYp is a lower order ideal of 
W J x r. 

We prove (ii) directly. The lattice ^f E / E '■= A~T E j D is the quotient 
Jzf/J^D = p(j£f). Therefore, given w G W J and 7 G PxTd, we have 

(12) P(C' W „) = p{T w m 7 + u- l x) = p{T w m 7) = T w Hp(7), 
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where x is some element of ££ and the congruence is mod u 1 J£e/d- By 



This proposition is essentially [7, Theorem 4.3], though the proof here is 
different. It also appears in [31 Theorem 1] in the case that V = Ty/j (the 
usual PVj-graph on Jtfj) but in the generality of unequal parameters. 

3. Iterated induction from the regular representation 

In this paper we will primarily be interested in the case where E is 
obtained by some sequence of inductions and restrictions of the regular 
representation of a Hecke algebra, or subquotients of such modules. In this 
section, let E denote Jtf[ ®j E, where E = AT, T = T W2 unless specified 
otherwise. 

3.1. Suppose we are given Coxeter groups W\, W 2 with simple reflections 
Si, S 2 and a set J with inclusions ik : J — > Sk, k — 1, 2 such that — 
{W 2 ) i (j\ as Coxeter groups. Define the set 



Wi x W 2 := {(wi,w 2 ) : W\ G Wi,w 2 e W 2 } /((w 1 w,w 2 ) ~ (w 1 ,ww 2 ) : w G Wj), 

J 

where Wj := W±j = W 2J . The set W\ x W 2 can also be identified with any 
of W 1 x J W 2 , Wi J x W 2 , or W( x Wj x J W 2 . These sets label canonical 
basis elements of Hecke algebra modules obtained by inducing from the 
regular representation just as a Coxeter group labels the canonical basis 
elements of its regular representation. 

The material that follows in this subsection is somewhat tangent from 
our main theme, but we include it for completeness. We omit the details 
of proofs. 

j 

The set W\ x W 2 comes with a left action by W\, a length function, and 
a partial order generalizing the Bruhat order, as described in the following 
proposition. 

j j 
Proposition 3.1. Let (wi,w 2 ) G W\ x W 2 . The set W\ x W 2 comes 

equipped with 

(i) A left action by W\ : x ■ (wi,w 2 ) = (xwi,w 2 ), 

(ii) a length function: £(wi,w 2 ) = £(wi)+£(w 2 ) whenever ui\ G W\ , 
(Hi) a partial order: (w[,w r 2 ) < (wi,w 2 ), whenever there exists 

(w",w 2 ) ~ (w'^w'2) such that w" < Wi, w' i: w" G Wi,i = 1,2, 
and wi G W\ J . 



definition, p(y) G T E / D so p{C' wn ) is the element 
congruent to T w Mp(j) mod u~ x ^EjD- 




□ 



(13) 
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Proposition 3.2. The W\-graph E is bipartite in the sense of [7J Defini- 

j 

tion 3.1]. Moreover, if z, z G W\ x M^ 2 ? awd £(z) — £[z ) zs ei>en fresp. 
orffij, t/ien P z / Z involves only even (resp. odd) powers of u. 

Proof. This follows from [7J Proposition 3.2]. □ 

Proposition 3.3. The W\-graph E is ordered in the sense of [7J Definition 

j 

1.1]. Stronger, W\ x W 2 has a partial order from Proposition 2.2 of [7] 

using the Bruhat order on W 2 , and this agrees with < of Proposition HOI 

J 

Therefore if z, z' G W\ x IV2 one? P z / Z 7^ 0, t/ien z' < z. 

Proof. Showing the partial orders from |7j and Proposition 13.11 are equal 
takes some work. The rest is a citation of results in [7J. □ 

3.2. A similar definition to that in the previous subsection can be given 

Jl Jd-l 

for W\ x . . . x Wd- To work with these sets, introduce the following 

Jl Jd-l 

notation. A representative (wi, . . . , Wd) of an element of W\ x . . . x Wd 
is i-stuffed if 

(14) Wl eW^\...,w i - 1 e wt\\ w t eWi, w i+1 e Ji W i+ i, .../^W d . 

Jl Jd-l 

It is convenient to represent the element z G W\ x . . . x Wd, somewhat 
redundantly, in stuffed notation: z = (z±, z 2 , . . . , Zd), where Z{ is the z-th 
component of the i-stuffed expression for z. 

3.3. The main ideas in this subsection also appear in [H §4] where they 
are used to adapt Lusztig's a-invariant to give results about the partial 
order on the cells of Resjr^. 

For any X C W\ x W2, define the shorthands 

TT(X) := {T W1 B T W2 : ( Wl , w 2 ) G X} , 

(15) TC(X) := [T m IE C' W2 : (w u w 2 ) G X\ , 
CT{X) := {C' Wi mT W2 : (w u w 2 ) G X) . 

The construction from §2.4l applied to Tw 2 gives the IC basis TC^{TC{W{ x 
W2)) of E. The next proposition shows that the same canonical basis can 
be constructed from two other standard bases, and this will be used im- 
plicitly in what follows. 

Proposition 3.4. The standard bases 

TC{W( x W 2 ),TT(Wf x W 2 ) = TT(Wx x J W 2 ),CT(W 1 x J W 2 ) 
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of E = M\ ®j have the same A -span, denoted Jzf . Moreover, 
T m ® C' VW2 = T W1 ® T VW2 = T W1V B T W2 = C' WlV B T W2 mod u~ x ££ 

for every w\ G W\ ,v G Wj,w 2 G J W 2 . Therefore, the corresponding IC 
bases are identical: 

XCz(TC(W( x W 2 )) = XC^{TT{W( x W 2 )) = IC 5 {CT{W 1 x J W 2 )) 

j 

(and these will be denoted A = {C m W2 : (u>i,u>2) G W\ x W 2 }). 

Proof. The lattices A~{T W2 : w 2 G W 2 } and A~{C' W2 : w 2 G W 2 } are 
equal by the definition of an IC basis (SHU). Thus A 1 TC(iy i J x W 2 ) = 
A- TT(W{ x W 2 ) and similarly A~ TT(W l x J W 2 ) = A~ CT(W 1 x J W 2 ). 
The remaining statements are clear. 

□ 

Now given any lower order ideal / in J W 2l define Di = A CT{W\ x J), 
thought of as an J^-submodule of E. Applying Proposition !2.2l to Di C E 
with poset W\ x J W 2 and lower ideal W\ x Dj shows that Di has canonical 
basis {C Wl W2 : U7i G W^u^ G /} (Proposition 13.41 is used implicitly). The 
next theorem now comes easily. 

Let D< x = D {we j wrw < x} and D <x = D {we J Wrw<x} . Recall that T Wl is 
the usual W^i-graph of the regular representation of M{. 

Theorem 3.5. The module E (with W\-graph structure A) has a filtration 
with cellular subquotients that are isomorphic as Wi-graphs to T\y 1 - In 
particular, the left cells of A are isomorphic to those occurring in Tw 1 - 

Proof. For any x G J W 2 , the map n : D< x — > M{ given by n(D <x ) = 
and C' w M T x 1— > C' w is an ^f-module homomorphism. Hence the exact 
sequence 

(16) > D <x > D< x J% > • 

Moreover, ti{C' W)X ) = C' w , which is clear when viewing the C' W)X as being 
constructed from the standard basis CT(Wi x J W 2 ). This gives an isomor- 
phism of WVgraphs D< x /D <x = M[. □ 

Letting 3f be the Hecke algebra of (W, S) and setting J^i = Jtfj, = 
Jtf, J C S, we obtain 

Corollary 3.6. The left cells ofResjJt? are isomorphic as Wj-graphs to 
the left cells of the regular representation of J#j. 

This corollary is implied by results from [7J §5], but the method of proof 
is different. It is also a consequence of [HI Theorem 5.2]. 

By the same methods we can check that the canonical basis construction 
for induced modules is well-behaved for nested parabolic subgroups. 
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Proposition 3.7. Let be the Hecke algebra of (W, S), J 2 C J x C S, 

E a left Jtf?j 2 -module with involution 7 intertwining that of Jtfj 2 , and T a 
'-invariant basis of E (like the setup in §2.4\ )- Let Aj x = TCj^j ®e({T W!1 ■ 
w G Wj^'y G r}). Then, putting E = J$?j 2 <g> E, we have 

(17) 1C E ({T W M-f-.w eW J \ 7 eT})=IC E ({T w M5:w &W J \5 € AjJ). 

Proof. By the same argument as in Proposition 13.41 the right-hand side of 
f TTT|) can also be constructed from the standard basis {T Vl Kl T V2 §7:^6 
W Jl ,v 2 G W£ a ,7 G r}. It remains to check that W Jl x W^ 2 = W^ 2 by 
(vi,v 2 ) > V\V 2 . As v\ ranges over left coset representatives of Wj 1 and 
v 2 over left coset representatives of Wj 2 inside Wj 17 V\V 2 ranges over left 
coset representatives of Wj 2 inW (true for any pair of nested subgroups in 
a group). To see that v\v 2 is a minimal coset representative, let x G Wj 2 ; 
then v 2 • x is a reduced factorization and v 2 x G W 7 ^ (and t> 1 minimal in 
v{Wj 1 ) implies v\ ■ v 2 x is a reduced factorization and thus so is v\-v 2 -x. □ 

3.4. The set of cells of a M^-graph Y is denoted €(T). We will describe 
the cells of J£f ® j x . . . ® using the results of the previous subsection 

Let T be a cell of J^f ®j =^2. By Theorem 13.51 and its proof, T = 
{ C ' W1 , X2 ■ w i e T'} for some cell T' of T Wl and x 2 G J W 2 . We say that T' 
is the local label of T. By Theorem I3.5[ the cells T and T' are isomorphic 
as Wi-graphs so that the isomorphism type of a cell is determined by 
its local label. Thus <L(M[ ®j Jffi) has a description via the bijection 
t{J^®jJ^ 2 ) = x J W 2 , T h-> (T',x 2 ), taking a cell to its local label 

and an element of J W 2 . Unfortunately, from this description it is difficult 
to determine the cells of a cellular subquotient J#{ ® j AT of M{ ®j for 
some T G £(H 2 ) (this is a cellular subquotient of M[ <S>jJf? 2 by Proposition 

Essentially the same argument used in Theorem 13.51 yields a similar 
expression for the general case: 

(is) €{j% ®j, . . . s e(jp d ) x - h w 2 x ... x J ^w d , 

taking a cell to its local label and a tuple of right coset representatives. 
This of course has the same drawback of it being difficult to identify the 
subset of cells obtained by taking a cellular subquotient of We now 
address this deficiency. 

Put E k = Jf d _ h ® Jd _ k . . . ® Jd _ 1 3%. The collection of cells \jVo 
can be pictured as vertices of an acyclic graph G (see FigurefTlof §7.31) . The 
subset <£(E k ) of vertices is the kth level of G. There is an edge between T fc 
of level k and T fc+1 of level k + 1 if T k+1 G £(J^_ (fe+ i) ®j d _ (fc+1) T fc ). Here 
we are using Proposition ^. 6l to identify J#d-(k+i)® J d -tk+i) ^ k w ^h a cellular 
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subquotient of E k+1 . Note that from a vertex of level fc+1 there is a unique 
edge to a vertex of level k since the cells of a module E k are the composition 
factors of a composition series for E k , thereby yielding composition factors 
for the induced module of E k+1 = J#d-{k+i) ®J d _ (fc+1) E k . 

A vertex T fc in the k-th level of G has a unique path to a vertex T° in 
the 0-th level. The local labels (T fc , . . . , T ) of the vertices in this path is 
the local sequence of T fc (where P is the local label of the vertex in the 
2-th level). 

~ ~ Ji Jd-i 

The cell of E containing C' z , z G W± x . . . x Wd is the end of a 

path with local labels (r 1; . . . , T d ), where p G <t(T w .) is the cell containing 

C' z . and (zi, . . . , Zd) is stuffed notation for z. 

A local sequence (T d_1 , . . . , r°) does not in general determine a cell of 
E d ~ l uniquely. For instance, the cells of J^j®j^ with J = are just single 
canonical basis elements of Jif, so a local sequence does not determine a cell 
unless the cells of J4? are of size 1. We say that the tuple (-E d_1 , . . . , E°) 
is weakly multiplicity-free if there is at most one cell of E d ~ l with local 
sequence (T d ~ 1 , . . . ,r°) for all P G €(T Wd _.). Pure induction (Jf <g> j 
^j) is trivially weakly multiplicity-free since the local label of a cell 
in Jif (g> j = is the same thing as the cell itself. It is not hard to see 
that . . . , E°) is weakly multiplicity- free if and only if the restriction 

{Jfiji J%+i, is for all i. 

We have seen that the restriction (Jtfj <g> j Jtff, Jf?) is not always weakly 
multiplicity-free, but a natural question is whether it always is for J of 
size \S\ — 1. This fails for W of type i?2 and B 3 for all choices of J (and 
presumably for S n , n > 3). This failure may only be because cells in 
type .B do not always correspond to irreducible modules, so this question 
should be investigated in the unequal parameter setting. We conjecture 
the following for type A. 



Conjecture 3.8. IfJffis the Hecke algebra of(W, S) = (S n , {si, . . . , s n _i}) 
and \ J\ = \S\ — 1, then the restriction (J4?j®jJ4?, Jf?) is weakly multiplicity- 
free. 



This conjecture was verified for n = 10, J = S\{s$} using Magma, 
and for n — 16 and a few arbitrary choices of a cell T, we checked that 
(Jtfj £g> j T, T) is weakly multiplicity-free. Strangely, it does not seem to be 
amenable to typical RSK, jeu de taquin style combinatorics. See §4.31 for 
more about the combinatorics involved here. 
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4. Tableau combinatorics 

4.1. We will make the description of cells from the previous section combi- 
natorially explicit in the case W = S n . In this section fix S = {si, . . . , s n -i} 
and Jt? the Hecke algebra of type A n _\. As is customary, we will think 
of an element of S n as a word of length n in the numbers 1, . . . ,n. We 
want to maintain the convention used thus far of looking only at left Jrff- 
modules, however tableau combinatorics is a little nicer if a right action 
is used. To get around this, define the word associated to an element 
w = s^s^ . . . Si k G W to be w _1 (2) . . . w _1 (n), where (to be com- 
pletely explicit) = Si k Si k _ 1 . . . Si x (z) and Sj transposes j and j + 1. 
The left descent set of w G S n is {sj : w^ii) > w^ii + 1)}. 

The RSK algorithm gives a bijection between S n and pairs of stan- 
dard Young tableau (SYT) of the same shape sending w G S n to the pair 

(P(w),Q(w)), written w > (P(w),Q(w)), where P(w) and Q(w) are 
the insertion and recording tableaux of the word of w (equal to u> _1 (l) w~ 1 (2) 
by our convention). As was shown in [9], the left cells of J$? are in bijection 
with the set of SYT and the cell containing C' w corresponds to the insertion 
tableau of w under this bijection. The cell containing those C' w such that 
w has insertion tableau P is the cell labeled by P. Note that the shape 
of the tableau labeling a cell is the transpose of the usual convention for 
Specht modules, i.e. the trivial representation is labeled by the tableau of 
shape l n , sign by the tableau of shape n. 

For the remainder of this paper let r G {1, . . . , n— 1}, J r = {s\, . . . , s r _i}, 
J'n-r = { s r+i, • • • j s n -i}, and J = J r U J' n _ r - 

4.2. Let T be a cell of Wj labeled by a pair of insertion tableaux (T, T") G 
7^r 7i-r x T^rpi-r, where T a is the set of tableau with on entries equal to 
i. Here we are using the easy fact, proven carefully in [11], that a cell of 
F\Vix\v 2 is the same as a cell of IVx and one of IV 2 - We will describe the 
cells of je®jAT. 

For any w G W, in the notation of §2.21 jw = (a,b) G Wj r x Wj^_ r , 
where a (resp. b) is the permutation of numbers 1, . . . , r (resp. r + 1, . . . , n) 
obtained by taking the subsequence of the word of w consisting of those 
numbers. For example, if n = 6, w = 436125, and r = 3, then a = 312 and 
b = 465. 

The induced module J4? ®j AT has canonical basis {C' w : P(jw) = 
(T, T')}, where we define P(a, b) for (a, b) G W Jr x Wj^ to be (P(a),P(6)). 
For any tableau P, let jdt(P) denote the unique straight-shape tableau in 
the jeu de taquin equivalence class of P. From the most basic properties 
of insertion and jeu de taquin it follows that if jw = (a, b), then P(w)< r = 
P(a), P(w) >r = jdt(P(6)), where P< r (resp. P> r ) is the (skew) subtableau 
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of P with entries 1, . . . , r (resp. r + 1, . . . ,n). See, for instance, [321 Al.2] 
for more on this combinatorics. We now have the following description of 
cells. 

Proposition 4.1. With T labeled by T, T' as above, the cells ofJif^jAT C 
Ji? are those labeled by P such that P< r = T , jdt(P >r ) = T'. 

3, and T, T' - 



Example 4.2. Let n = 6, r 

of <g>j AT are labeled by 



1 


2| 


4 




_3 




5_ 





Then the cells 



1 


2 


4 1 e | 


1 


2 


4 


3 


5 




3 


5 


6 



1 


2 1 4 1 e | 


1 


2 


6| 


1 


2 


4| 


1 


2 


3 




3 


1 




3 


6 




3 


1 


5 




5 






5 






5 


6 





1 


2 1 6 1 


1 


2 




3 




3 


6 




4 
5 


> 


4 
5 





This is, of course, the Littlewood-Richardson rule. The combinatorics 
of the Littlewood-Richardson rule matches beautifully with the machinery 
of canonical bases. This version of the Littlewood-Richardson is due to 
Schiitzenberger and its connection with canonical bases was also shown in 

Let V\ be the Specht module corresponding to the partition A, and 
put \i = sh(T), v = sh(T'). It was established in [9] that all left cells 
of J$? isomorphic at u — 1 to V\ are isomorphic as VT-graphs. This, 
together with the fact that the M^-graph of Theorem 12.41 depends only on 
the isomorphism type of the Wj-graph T, shows that the multiplicity of V\ 
in IndJ^ j (V^ Kl V u ) is given by the combinatorics above and is independent 
of the chosen insertion tableaux T, T' . 



4.3. Let T be a cell of labeled by P with sh(P) = A. We will describe 
the cells of ResjAr. 

For any w G W, wj = (a,b) G Wj r x Wj^_ r , where a (resp. b) is 
the permutation of numbers 1, . . . , r (resp. r + 1, . . . , n) with the same 
relative order as w~ l (l) w~ 1 (2) . . . w~ l (r) (resp. w~ l (r + 1) . . . w~ 1 (n)). 
For example, if n = 6, w = 436125, and r = 3, then a = 213 and b = 456. 

Specifying a cell T of ResjJrff is equivalent to giving x G J W and 
(T,T') G TirQn-r xT^rjn-r. Under this correspondence, T = {C' w : P(wj) = 



(T,T>), 



w 



x}. 



Given /i h r, v h n — r, define 
(19) nUv=(ux + n 1 ,j/ 2 + t*ii 



Vl(v) + Ml, Hi, H>2, ■ ■ ■ , HE{n)), 



where £(fj) is the number of parts of //. 

Expressing the tableaux on 1, . . . , r and r + 1, . . . , n that label the cells 
of ResjAr in terms of P is tricky: first define the set 



(20) 



X := {(T, T") : \T\ = r, \T'\ 



n 



r,idt(TT')=P}, 
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where TT' is the tableau of shape p U vj p (sh(T) = p, sh(T') = u, p = 
pi e ^) obtained by adding T' to the top right of T. The multiset of local 
labels of the cells of ResjAr (Conjecture 13.81 says this is actually a set) is 
obtained by projecting each element of X onto the set T lrQ n-r x T r ln -r by 
replacing the entries of T (resp. T") by 1, . . . , r (resp. r + 1, . . . , n) so that 
relative order is preserved. 



Example 4.3. If n = 6, r — 3, and P 



1 


2 


5| 


3 


6 




4 







then X is 



3 


| 


_4 





12 5 
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5| 


_6 





1 


6| 


_4 





14 6 



1 


3\ 


2 


5 


4_ 


5 


6_ 





1 


3| 


4. 





Hence the cells of Res /Ar have local labels 



1 


3| 


2_ 





4 5 



1 


3\ 


•1 


6 


2_ 


5 







12 3 



4 


6| 


_5 





1 


2\ 


4 


5 


3 


5 


6 





1 


2\ 


_3 





A slightly better description of the cells of ResjAr is as follows. Fix 
/ihr, v \- n — r such that A C p, U u, and B a tableau of the rectangle 
shape p := ■ Now consider the jeu de taquin growth diagrams with 
lower left row corresponding to P, lower right row corresponding to B, and 
the partition at the top equal to p, U v (see, e.g., [121 Al.2]). The upper 
right row of such a growth diagram necessarily corresponds to some TT' 
such that jdt(TT') = P, and the upper left row corresponds to some A 
such that jdt(A) = B. Since a growth diagram is constructed uniquely 
from either of its sides, we obtain the bijection 
(21) 

{(T, T') : sh(T) = p, sh(T') = z/,jdt(TT') = P} = {A : sh(A) = /iUz//A, jdt(A) 

^From an A in the set above, one obtains the corresponding (T, T") as 
follows: perform jeu de taquin to P in the order specified by the entries of 
A to obtain a tableau of shape pUu/p; split this into a tableau of shape 
p and one of shape v. This can be used to give another description of the 
set X. This description has the advantage that the same choice of B can 
be used for all tableau P of shape A. 



4.4. If r = 1 or r = n — 1, then restricting and inducing are multiplicity- 
free. Therefore, we only need to keep track of the shapes of the tableaux 
rather than the tableaux themselves, except at the first step £(J%d), in 
order to determine a cell of M[ ®j 1 . . . J#d- However, it is often 

convenient for working concrete examples to keep track of all tableaux. 

If r — 1 or r — n — 1, then the cells of ResjAr, with V labeled by P, can 
be described explicitly. If r = 1 (resp. r = n — 1), they are labeled by the 
tableaux obtained from P by column-uninserting (resp. row-uninserting) 
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an outer corner and replacing the entries of the result with 2, . . . , n (resp. 
1, . . . , n — 1) so that relative order is preserved. 

We will work with both r = 1 and r = n — 1 in this paper because 
tableau combinatorics is easier with r = n — 1, but r = 1 is preferable for 
our work in £j7]and beyond. It is therefore convenient to be able to go back 
and forth between these two conventions. 

On the level of algebras, this is done by replacing any J^-module by 
the J^i^o-module obtained by twisting by the isomorphism J4? wo k wo — 
J#k,T Si i — > T Sn i , where wo is the longest element of W. Combinatori- 
ally, this corresponds to replacing a word X1X2 ■ ■ ■ x n with x" := n + 1 — 
x\ n + 1 — X2 ■ ■ ■ n + 1 — x n . The local label of a cell changes from T to 
evac(T), where T > evac(T) is the Schiitzenberger involution (see, e.g., 
pi A1.2]). More precisely, the local label (T, T') G Tn^-i x %j X »-j of 
a cell of an J#s\ s -module becomes (evac(T')*, evac(T)*), where evac(T')* 
(resp. evac(T)*) is obtained from evac(T') by adding a constant to all 
entries so that evac(T')* G 7jn-j j (resp. evac(T)* e % n -j 13 ). 

4.5. In this subsection we give a combinatorial description of cells of a 
certain submodule of Kes^Jif, where Jrf? is the extended affine Hecke 
algebra of type A. We digress to introduce this object. See [T3], [S] for a 
more thorough introduction. 

First of all, everything we have done so far for Coxeter groups also holds 
for extended Coxeter groups. An extended Coxeter group, defined from a 
Coxeter group (W, S) and an abelian group II acting by automorphisms on 
(W, S), is the semi-direct product II k W, denoted W e . The length function 
and partial order on W extend to W e : £(ttv) = £(v), and ttv < tt'v' if and 
only if 7r = it' and v < v', where 7T, 7r' G II, v,v' G W. The definitions 
of left and right descent sets, reduced factorization, the -involution, and 
definition of the Hecke algebra ([3]) of $2] carry over identically. The Hecke 
algebra elements T n for n G n will be denoted simply by n; note that these 
are -invariant. 

Although it is possible to allow parabolic subgroups to be extended 
Coxeter groups, we define a parabolic subgroup of W e to be an ordinary 
parabolic subgroup of W to simplify the discussion (this is the only case 
we will need later in the paper). With this convention, each coset of a 
parabolic subgroup W e j contains a unique element of minimal length. 

In the generality of extended Coxeter groups, a H^-graph T must satisfy 
7f~f G r for all 7r G n, 7 G T in addition to ([6]). The machinery of IC 
bases carries over without change. Everything we have done so far holds 
in this setting; the only thing that needs some comment is Theorem 12.41 
Presumably the proof carries over without change, however it is also easy 
to deduce this from Theorem 12.41 for ordinary Coxeter groups: use the 
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fact that Pttx^ttv,^ = Px,s,v,-y to deduce that with the definition ([9]) for /i, 
h(tcx, 5, irv , 7) = 5, v,j) (x, v G W, it G IT); the identity C' nv ^ = nC' vn 
together with the theorem for ordinary Coxeter groups give it for extended 
Coxeter groups. 

Let W, W a be the Weyl groups of type A n _i, A n _i respectively. Put Kj = 
{s , Si, . . . , Sj, . . . , s n _i}. Let Y = Z n , Q = Z n_1 be the weight lattice, root 
lattice of GL n . The extended affine Weyl group W e is both Y xi W and 
n x W a where II = Y/Q = Z. For A G Y, let y x be the corresponding 
element of W e and let = where ei, . . . , e n is the standard basis of Y. 
Also let 7r be the generator of II such that s,,7r = 7TSj_i, where subscripts 
are taken mod n. The isomorphism Y xi W = U x W a is determined by 

(22) Hi -> Sj_i . . . Si7TS n _i ... Sj, 

and the condition that W ^ Y x W = II \x W a identifies W with W^Ko 
via Sj i— > Sj, z G [n]. 

Another description of W e , due to Lusztig, is as follows. The group W e 
can be identified with the group of permutations w : Z — > Z satisfying 
+ n) = «;(z) + n and ^™ =1 (w(i) — i) = mod n. The identification 
takes Sj to the permutation transposing i + kn and i + 1 + kn for all fceZ, 
and takes 7r to the permutation 1— > + 1 for all 6 Z. We can then 
express an element w of W e in window notation as the sequence of numbers 
. . also referred to as just the word of w. For example, if 

n = 4 and u> = 7r 2 S2SoSi, then the word of w is -3203. 

Let Y> = Z> and W^" 1 " = Y> x IV. There is a corresponding subalgebra 

iP+ of JF, equal to both A{T W : w e W+} and A{C; : w G W+} [I]. 
Let T be a IV-graph and put E = AT. The positive, degree d part of 
Res jsf ^ ®jp E is 
(23^ 

:= A{C' y x v>1 : A G F> , |A| = d, u G W such that y A v G W e K °,-f G 
Proposition 4.4. (J^ 7+ ® l5 r-E')d is a cellular submodule ofRes,^J^®,?pE. 

Proof. The /L-basis above can be rewritten as {n d C' w ^ : n d w G W+,w G 
W a >7 G T}. It is easy to see this is left stable by the action of Jtf, given 
that J# y+ is a subalgebra of containing J4f. □ 

Let T be a cell of Jf labeled by T and E 1 = (JF + AI) X . We now 
return to give a combinatorial description of the cells of E 1 . The restriction 
(Res ^-Jf ® E, Jtf' ® E 1 ) is not weakly multiplicity-free, so we have to 
use the description HISH . In this case, we have found it most convenient 
to use a hybrid of the description in (Tig]) and local labels, which we now 
describe. 
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Given x G W e , define P{x) to be the insertion tableau of the word of 
x. Since xk is the permutation of 1, . . . , n with the same relative order as 
the word of x, P(xk ) is obtained from P(x) by replacing the entries with 
1, . . . , n and keeping relative order the same. 

Let cifc = Sk-i . ■ ■ S\ for k G {2, . . . , n}, a± — 1 be the minimal left coset 
representatives of Wj> . Then E 1 = A{C' aklT>w : k G [n],P(w) = T}. In 
this case, define the local label of the cell containing C' ak7TtW to be P^cl^w). 
A caveat to this is that if we then form some induced module M{ ®j x E 1 , 
it is good to convert the local labels of E 1 to be the tableaux P((ak7nu) Ko ) 
before computing local labels of J#{ ® j x E 1 (see Figure [2] of §7.31) . 

Combinatorially, the cells of E l may be described as follows. Let w G W 
with P(w) = T and define Q = Q(w). Let Wj be the word obtained 

from w by deleting its last number (see Example 14. 6p . Then Wj > 

(T~, Q< n -i), where T~ is obtained from T by uninserting the square 
Q\Q<n-i] let c be the number uninserted. Write a k nw in window no- 
tation, which is Wj with a c — n inserted in the k-th spot. Let Q + 
be the tableau obtained by column-inserting k into the tableau obtained 
from Q< n -i by replacing entries with {1, . . . , k — 1, k + 1, . . . , n} and keep- 

RSK /m4- l rr> 

where 1 



(T + ,g- 



is 



ing the same relative order. We have a^nw 
jdt(T~, Q + \Q< n -i) with the number c — n added to the top left corner (so 
that the resulting tableau has a straight-shape). This implies the following 
result about the cells of E 1 . 

Proposition 4.5. The local labels of the cells of E 1 are those tableaux 
obtained from T by uninserting some outer corner then performing jeu de 
taquin to some inner corner, and finally filling in the missing box in the 
top left with a c — n, where c is the entry bumped out in the uninsertion. 

Example 4.6. For the element (a 3 7r, 346512) G W e K ° x W, the insertion 
and recording tableaux discussed above are 



a 3 irw 
34-4651 



w j i 
34651 



w 

346512 



(24) 
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5. Computations of some CL 



Suppose in what follows that r = n — 1. 
[n — 1] and b n = 1 be the elements of W J . 



Let bk := s k ■ ■ ■ for k G 
It is possible to write down 



W-GRAPH VERSIONS OF TENSORING WITH THE S n DEFINING REPRESENTATIONS 



explicitly an element from each cell of 34? ® j 34? in terms of the canonical 
basis of 34?. This is the content of the following theorem, which we include 
mainly for its application in the next section. It is quite interesting for its 
own sake, however, given that it does not seem to be known how to write 
down an element from each cell of 3f in terms of the T's. 

Proposition 5.1. Let T be a Wj-graph, and 7 e T satisfying K := 
{s k , . . . , s n _ 2 } C 1(7). Then 

<\,7 = J^ C U« B 7 = {T^ + n- l T bk+1 + ... + u k ^T bn ) H 7. 

Proof. The right hand equality follows from K C £(7) and the well-known 
identity = = (T bk + u^T bk+1 + ...+ u k ~ n T bn ) C' WQK (w 0K 

is the longest element of Wk) ■ Once this is known we have produced an ele- 
ment that is both -invariant (being equal to \k\]\P ' bkW0K KI7) and congruent 
to T bk m 7 mod u- 1 ^ (being equal to (T bk + u~ l T bk+1 + ... + u k ' n T bn ) M 
7). ' ' □ 

Theorem 5.2. Let T be the cell of 34? ®j 34? determined by A^\/i,P, 
where A^, /1, sh(P) are partitions ofn,n — 1, and n respectively satisfying 
fj, C A*- 1 -*, sh(P). Then T contains an element 

Ci k „ w = {T h , + u~ l T bkl+i + ... + u~ k+l T bn ) m C' w , 

where the k-th row of A* 1 ) contains the square A*- 1 -* / ft, k' = n + 1 — k, and 
w satisfies {sk>, ■ ■ ■ , s n _2} Q L{w). 

Proof. To construct a desired w, let Q be any tableau of shape A^ 2 ^ such 
that Q <n has a k' — l+r in the last box of the r-th row for r G {1, . . . , k — 1} 

(see Example 15.31) and Q> n is the square A^//i. Define w by w fl JC > 

j 

Consider the element (bk>,w) = z & W x W, which is (bk>wj,w) in 
stuffed notation. Now Q(bk>wj) = P(vjj 1 s n -i . . . s*/) = Q* <n <— fc', where 
<5< n is Q <n with 1 added to all numbers > k', and T <— a denotes the 
row-insertion of a into T. By construction of Q<„, the bumping path of 
inserting k' into Q* <n consists of the last square in rows 1, . . . , k, the last 
square in the k-th row being the newly added square. Therefore, C' z is 
contained in T because the shape of Q* <n <— k! is A^. 

Remembering our convention for the word of w, the left descent set L(w) 
can be read off from Q: it is the set of such that i + 1 occurs in a row 
below the row containing i. In particular, K := {s^, . . . ,s n _2} C L(w). 
The theorem follows from Proposition 15.11 □ 
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Example 5.3. If n = 9, k = 4, /i = (3, 2, 2, 1), and P 



1 


5 


8 


2 


6 


9 


3 


7 




4 







, we could 



choose Q 



1 


2 


6 


3 


7 


9 


4 


8 




5 







or any tableau with the given numbers in bold. Then, 



b' k w.j, wj, w = 473219865, 47321865, 473219658, 



and Q <n = 



1 


2 


6| 


3 


7 




4 


8 




5 







, Q(V k wj) 



1 


2 


6| 


3 


7 




4 


8 




5 


9 





6. Canonical maps from restricting and inducing 

6.1. The functor ®j - : Jfj-Mod -> -Mod is left adjoint to Resj : 
Jf-Mod — > J^j-Mod. Let ct (resp. /3) denote the unit (resp. counit) of 
the adjunction so that a^-F) G Hom^ J _Mod(P, ResjJ^ ®j F) corresponds 
to ldjt?®jF (resp. /3(F) G Hom^.Modl^ ®j ResjF, F) corresponds to 
IdResj^)- The unit (resp. counit) is a natural transformation from the 
identity functor on Jfj-Mod to the functor Res ® j — (resp. from the 
functor ^®jResj to the identity functor on J$?-~M.od). We will omit the 
argument F or E in the notation for the unit and counit when there is no 
confusion. Explicitly, a : F — > ResjJf 7 <S> j F is given by / i— > 1 Kl /, and 
P : ®j -B — > E is given by /i Kl e i— > he. It is clear from these formulas 
that the unit and counit intertwine the involution 7 . 



6.2. The unit behaves in a simple way on canonical basis elements. 

Proposition 6.1. Let F = AT be any Jifj-module coming from a Wj- 
graph T. The map a : F — > ResjJf ®j F takes canonical basis elements 
to canonical basis elements. Therefore im (a) is a cellular submodule iso- 
morphic to AT as a Wj- graph. 

Proof. The elements C'\ n = a (7) (7 G T) are canonical basis elements and 
are an A-basis for the image of a. □ 

6.3. Again, restrict to the case where W and are of type S = 
{si, . . . , s n -i}, and J = S\s n -i. 

We are not able to give a good description of where the counit f3 takes 
canonical basis elements in general, but we have a partial result along these 
lines, assuming the following conjecture. 

Conjecture 6.2. Let A be the W\-graph on M{ ® Jx . . . ®j d _ 1 with M\ 
of type A. Ify <a z, y, z G A and y, z are in cells with local labels of shape 
A,/i respectively, then A < ji in dominance order. 



W-GRAPH VERSIONS OF TENSORING WITH THE S n DEFINING REPRESENTATION 



Let r be a cell of J$? and r : AT — > AT an ^-module homomorphism. 
We want to conclude that r is multiplication by some constant c G A. 
This can be seen, for instance, by tensoring with C over A using any map 
A — > C that does not send u to a root of unity; Schur's Lemma applies as 
iff ®a C = CS n and AT g)^ C is irreducible. Thus r g)^ C = a Id, a e C 
for infinitely many specializations of u implies r — c Id, c E A. 

Let X\ be the two-sided cell of consisting of the cells labeled by 
tableaux of shape A h n. Let T be a cell of ®j X x with local sequence 
P\,P 2 both of shape A. Conjecture 16.21 implies AT is a submodule of 
{Jtf? ®j X\)/X, where X is the cellular submodule consisting of those 
cells of dominance order < A. By a similar argument to the one above, 

f3(X) = 0. Therefore the map ®j X x — > X x gives rise to a map 
AT A X x . 

Letting T be a cell of X x , we have 

(25) AT A X x A AT = AT. 

The map p is a cellular quotient map by [Tm Corollary 1.9] and the right- 
most isomorphism of VT-graphs comes from the fact that any two cells with 
the same local label are isomorphic as W^-graphs ( §3.41) . We now can state 
the main application of Theorem 15.21 

Corollary 6.3. Assuming Coniecture \6.2\ and with the notation above, if 
the square -Pi\(Pi)< n lies in the k-th row, then the composition of the maps 
in (25\) is [k] Id if T is labeled by P2 and otherwise. 

Proof. By the discussion above, this composition must be c Id for some 
cE A. Apply Theorem O with A (1) = A, /i = sh((Pi) <n ), P = P 2 , noting 
that from the construction of w in the proof, {k', . . . ,n — 1} C L(w) in 
this case. Therefore 

(26) (3(C' hf , w ) = (T by + u- l T by+i + ... + u- k+1 T bn ) C' w = [k]C' w . 

□ 

It is tempting to conjecture that (3{C'b k ,, w ) is a constant times a canonical 
basis element of J^ 5 , where (bk',w) is as constructed in Theorem 15.21 but 
this is false in general. The following counterexample was found using 
Magma. 



Example 6.4. Let n = 6, k = 2, k' = 4, w = 521634 



1 


3 


4| 


1 


4 


6 


M 


6 




2 


5 




_5 






3 







Then, 

(27) C' hhW = {T bi + + u~ 2 ) M C' 52WU ^ [2}C 521643 + [2}C' 32W54 . 
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The element (&*#, w) e W x W is (421653, 521634) in stuffed notation and 

1 1 1 3 I 

the cell containing it has local label _2 _5 . The labels of the cells containing 



521643,321654 are 



1 


3 


2 


4 


5 


6 



1 


4 


M 


5 


3 


6 



respectively. 



7. Some W^-graph versions of tensoring with the defining 

representation 

Let V denote the n-dimensional defining representation of S n : V = 
Z{x±, . . . ,x n }, Si(xj) = x Si (jy In this section, we will explore three W- 
graph versions of tensoring with V. We then look at IT^-graphs corre- 
sponding to tensoring twice with V and show that these decompose into 
a reduced and non-reduced part. We make a habit of checking what our 
J^-graph constructions become at u — 1 in order to keep contact with our 
intuition for this more familiar case. 



7.1. In what follows, E denotes an J^-module or ZiS n -module, depending 
on context. A useful observation, and indeed, what motivated us to study 
inducing W-graphs is that V ® E = ZS n ®z«s n _i E for any Z£ n -module E. 
This is well-known, but the proof is instructive. 

Proposition 7.1. Given a finite group G, a subgroup K, and a Z(G)- 
module E, there is a (LG -module) isomorphism, natural in E 

(28) ZG® %K E (ZG ®zk Z) <8>z E, 

^ ' gMe -> (g&l)®ge, 

where Z denotes the trivial representation of K . 

Proof. The expressions gk Kl k~ 1 e and g M e (k e K) are sent to the same 
element so this map is well-defined. Similarly, its inverse (g Kl 1) <g> e i— > 
gMg~ x e is well-defined. These maps clearly intertwine the action of G. □ 

Maintain the notation W = S n , J n -\ = . . . , s n -2}) J' n -i = { s 2, • • • , Sn-i} 
of the previous sections. Recall that b k = s k . . . s n _i for k e [n — 1], 6 n = 1 
are the minimal left coset representatives of Wj n _ x , and a fc = s fc _ x . . . s\ for 
fc G {2, . . . , n}, ai = 1 the minimal left coset representatives of Wji . 

Corollary 7.2. For the inclusions <S n _i = Wj> ^ W = S n and S n -i = 
Wj n _ ± "-^ W = S n , we have ZS n ®zs n _i E = V ®% E for any ZS n -module 
E. 



Proof. Put G = S n . UK — Wj> n v then ZG ® ZK Z = V by a { K 1 h-> ^. If 
K = Wj^, then ZG Z = V by 6^1^^. □ 
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The Hecke algebra is not a Hopf algebra in any natural way, so it is not 
clear what a Hecke algebra analogue of F ® E should be for F, E r LS n - 
modules. If F = V, however, then ® j E is a ^-analogue of Z<S n <8>zs n -i 
E = V (g> E , where r is either n — 1 or 1 (and J = J r U J^_ r ) . These choices 
for r give isomorphic representations at u — 1, but do not give isomorphic 
W^-graphs in general. 

Example 7.3. Let e + be the trivial representation of . Then compare 
^ ®j' n _ x e + (first row) with ffl ®j n _ x e + (second row) for n = 4 : 



c> + 1X3 < c" + 1>2 c> + 1,3 c> + 2,3 

, 1,2,3 < , 2,3 ni , 1,3 ni , 1,2 

^6l,e+ L/ fe 2 ,e+ °b3,e+ ^b 4 ,e+ 

Evidently, these are not isomorphic as VT-graphs. 

In this paper H^-graphs are drawn with the following conventions: ver- 
tices are labeled by canonical basis elements and descent sets appear as 
superscripts; an edge with no arrow indicates that fi — 1 and neither de- 
scent set contains the other; an edge with an arrow indicates that /i = 1 
and the descent set of the arrow head strictly contains that of the arrow 
tail; no edge indicates that \i = or the descent sets are the same. 

For the remainder of this paper, let J = J' n _i (r = 1) since this is 
preferable for comparing J4? ®j E with (J^' + ®,%> E)\ (see §7.21 below). 
See §4.41 for how to go back and forth between the J' n _i and J n -i pictures. 

7.2. There is another w-analogue of tensoring with V that comes from the 
extended affine Hecke algebra Jif. See §4.51 for a brief introduction to this 
algebra. 

The module J4? + E is a ^-analogue of ®%- w + K E, which, to- 

gether with the following proposition, shows that (Jf + ®,%> £)i is a u- 
analogue of V <E> E. 

Proposition 7.4. The correspondence 

(2g) Resx5 n ZW e + ®% w + Kq E Z[ Xl ,...,x n ]® z E, 
y x M e < > x x ® e, 

is a degree-preserving isomorphism of /LS n -modules, natural in E, where 
S n acts on the polynomial ring by permuting the variables. 

Proof. Recalling that W e = Y x W with W acting on Y by permuting 
the coordinates, we have Si(y x M e) = Siy x Si M s^e = y Si ^ M Sie and 
Si(x x <g> e) = x Sl(A) <g> Sie. □ 
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Example 7.5. To compare with the W-graphs in Example 17.31 here is the 
IV-graph on ®^ e + )\. In this case it is isomorphic to the IV-graph 

on J4?(g)ji _ i e + , but this is not true in general as can be seen by comparing 
Figures CD and [2j 

c> + l > 2 > 3 < c> & + 1,3 c> + 2,3 

The general relationship between <g)jg> E)\ and ffl 3 <S>j'_ E can be 
explained as a special case of a VF-graph version of Mackey's formula due 
to Howlett and Yin |7, §5], which we now recall. 

Let T be a W^-graph, and K,ICS. Put F = AT. Let K W I be the set of 
minimal double coset representatives {d : d of minimal length in WxdWj). 
For each d G K W 1 , the d-subgraph of (the Vt^-graph on) Res^^ <S>i F is 
{C' wdn : u; G Wj{, L = K n did" 1 , 7 G T}. 

For any d G ^W 7 , let L = if n did" 1 . Then d^Ld = d^if d n i C i so 
the restriction ReSd-i^-F 1 makes sense. This W^-i^-graph naturally gives 
rise to a W^-graph, denoted dr, obtained by conjugating descent sets by 
d. Explicitly, the descent set of a vertex d^ of dr is 

(30) L{drf) = {dsd' 1 : s G L(j) C i and dsd" 1 e K} C L. 

The edge weights of dr are the same as those of T : /i(d<5, d7) = (J>(5,y) 
for all (5,7 G T. 

Theorem 7.6 (Howlett, Yin [7J). The d-subgraphs o/Res^^f 0/ F parti- 
tion zts canonical basis. Each d-subgraph is a union of cells and is isomor- 
phic to je K ® L dF (L = Kndld- 1 ) as a Wk- graph via the correspondence 
<-► C' w4l ,w G W%. 

Remark 7.7. It is probably the case that each d-subgraph is a cellular 
subquotient rather than just a union of cells, however this is not proven 
in [Tj. This issue does not come up, however, because in the applications 
in this paper we can easily show that the d-subgraph is a cellular subquo- 
tient and sometimes the stronger statement that it is a cellular quotient or 
submodule. 

In the present application, put K = I = {si, . . . , Then it G k W i 

and the 7r-subgraph of Resj^JF E is {Ca fe7r>7 : k G [n),y G T} since 
KHttIti^ 1 = J' n _i- This is isomorphic as a PF-graph to Jf?<g)j' _ 7rE. The 
Wj' -graph nE is just Res j n _ 1 E, with each element of its descent sets 
shifted up by one. We have proved the following. 

Proposition 7.8. The W -graphs + ®,#> E)\ and M' ®j>_ nE are iso- 
morphic. 
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^ a4,a4,e+ 



a3,a4,e" t 



c 



1.3 



a4 : a3,e n 



1.2 



1.2 



1,3 



2,3 



013, ay, e" 1 



a2,a3,e~> 



c 



ai,a3,e+ 




3 




sym wedge non-red non-red s Y m s y m wedge 



Figure 1. The l^-graph on Jf 7 ®j' n _ x ^ e + and the 
graph G of §3.41 The vertices of the tree G are marked by 
local labels. Each cell in the P^-graph corresponds to the 
path from a leaf to the root that is its local sequence. 



Remark 7.9. Though this suggests that the ly-graph versions of V ® E, 
(Jtff + ®j?>E)i and M '(g) j' n _ ± E ', behave in essentially the same way, some care 
must be taken. At u — 1, ffl ®j* _ 7ri? is not isomorphic to Vcg^^-^ using 
Proposition 17.11 since irE is only a ZVFj^ -module, not a ZVv^-module. 

Thus (Jt? + ®j#> E)i\ u= i and {Jtf®j>_ E)\ u=x are only isomorphic to V ® .E 
by the rather different looking routes Proposition 17.41 and Corollary 17.21 



7.3. Let T be a W-graph, and put E = AT, F = ResjAr, E 2 := Jif ®j 
,W ®j AT. 
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c 



, 1A3 f. 

0,471", 0,4 7r,e~'~ 



c 



1,2 



c 



1,3 



C 



2.3 



ai7r,a47r,e^ 



<7 + 1,2 ' 3 ^ 



c 

w a47r,a27r,e n 



1,3 



C 



a47r,ai7r,e ' 



^ a37r,a37r,e" 



1.2 



c 



1,3 



a27r,a37r,e" 



(7 



^7/ 

w a27r,a27r,e" T 



a 3 7r i a l 7I ") e 



C 



C 



2.3 



Cll 7T, (13^56 



w ai7r,a27r,( 



ai7r,ai7r,e -t 




wedge 



Figure 2. The W-graph on ®^ ®jr e + )i)i and 
the graph G of §3.41 with the labeling conventions of §4.51 



wedge 



We will show that E 2 decomposes into what we call a reduced and non- 
reduced part. Towards this end, consider the exact sequence 



(31) >F^^ResjJ^^jF 

7 1 > 1 IE 7 1 



Jfj ® j, n _ 2 Res./, _ 2 F 
>0 



->o. 



Sk-1—S2 



7 



By Proposition 16.11 the image of a is a cellular submodule. The map r 
induces an isomorphism of V^j-graphs ResjJ^f ® j F/im (a) = M'j ®j>_ 
Resj'_ F; given that the sequence is exact, this is equivalent to taking 
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canonical basis elements to canonical basis elements or to 0. That r is an 
isomorphism can be seen directly by observing that it takes standard basis 
elements of (gj F to standard basis elements of Jifj ®j' n _ 2 F or to 0, 
takes the lattice A~J$? (g j T to the lattice A~Jtffj <S)j' _ T, and intertwines 
the involutions T . 

This decomposition also comes another application of the W^-graph ver- 
sion of Mackey's formula (Theorem I7.6p . For this application, put K = 
I = J(= {s 2 ,...,8 n -i}). Then K W I = {Mi}. The 1-subgraph of 

ResjJF (g j F is {C[ n : 7 G T} and the Si-subgraph is {C' WSin : w G 
j' 

Wf 2 ,7 G T}. These are isomorphic as W/j-graphs to M'j ®jF = F and 
®J'_ 2 R- es J'_ 2 -^ respectively (since we have d~ l Ld = L for all d, dF 
and F are identical). 

Next, tensor fl3Tj) with to obtain 
(32) 

Put F 2 = ^®j;_ 2 Ar. The quotient F 2 (resp. the submodule Jf (g j AT) 
is the reduced (resp. non-reduced) part of i? 2 . 

Proposition 7.10. The submodule and quotient of E 2 given by (CH|) are 
cellular and the maps in take canonical basis elements to canonical 
basis elements or to 0. 

Proof. This follows from the application of Theorem 17.61 described above 
and Proposition 12.61 □ 

Example 7.11. The non-reduced part of E 2 for E = e + is the bottom row 
of the P^-graph in Figure [U The cells comprising it are labeled "non-red" 
below the tree. 

7.4. Let us determine what the decomposition of E 2 into reduced and 
non- reduced parts becomes at u = 1. 

Proposition 7.12. At u = 1, / fffigj) becomes 

(33) > V <g E > V®V®E > T 2 ed V <g> E > 0. 

x k (g 7 1 > x k <g x fc (g) 7 1 > 

Xj (g Xj <g 7 1 > Xj (g (g 7, 

where i ^ j and T 2 ed V := 7L{x{ ® Xj : i ^ j, z, j G [n]} C 1/ g> V . 
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To see this, first define a^i 
{2, . . . , n}; then 



Sk-i ■ ■ ■ SiS/_i . . . s 2 for k G [n], I G 



(34) 



dk,l ■ Si 

W J '™- 2 
W s \ S2 si 

WS\s 2 



a lik+1 ]fk<l, 



{a>k,i 
{a>k,i 
{a>k,i 



k G [n], I G {2,...,n}}, 
k > I > 1}, and 
k < I}. 



77 | 2 I rsj 



Apply Corollary 17.21 twice to obtain 
(35) _ 

%S n ®zs n -, V ®E = V®V®E 

x k ®x k ® a fc a/(7) if I = 1, 
a,, kxi f/, ixj - — a fc IE (x; ® Oj(7)) <-> ^ %k ® xi ® CLkO-iil) ifk<l, 

x k ® ® a k ai(j) if > i > 1. 



Proof of Proposition 7.12 The interesting part of the calculation is the 

following diagram 

(36) 



£ 2 



-4) i?2 



u=l 



a fc I2SI a ; I2SI 7 h 



-> Ofc,i 7 



x fc g) a fe (xi) <g> a k ai(j) i > x fc ® a fc (x ; ) <8> a Jfc)i s 1 (7) 



where k G [n], Z G {2, . . . , n}. 

There is a slightly tricky point here: the left-hand isomorphism of (I36I) 
comes from (135]) . but the right-hand isomorphism does not come from a 
similar application of Proposition 17. II However, Proposition 17. II also holds 
with the isomorphism gMe i— > 1) ® gee replacing (1281) . where c G G 
commutes with all of K. In this case we must choose c = s\ (which 
commutes with K = J' n _ 2 ) to make the diagram (1361) commute. □ 



7.5. There is a similar decomposition of E 2 := (Jf? + ®^ <%> jf? AT)i)i 
into a reduced and non-reduced part. Two applications of Proposition 17.81 
yield E 2 = J? <g>j tx^ ®j ttE). 

First, let us apply Theorem l7.6l to Res j n _ x ^®j' _ nE analogously to the 
application in the previous subsection. In this case I = J' n _n K = J n _i, 
and therefore K W I = {1, a n }. 

The 1-subgraph is {Ca fej7r7 : k < n, Tcy G 7rr} and spans a cellular sub- 
module of Resj n _ 1 J^f®j'_ iiE. This can be seen, for instance, by applying 
Proposition 12.21 with the order -< of §2.41 to obtain 

(37) A{C' ak ^ : k < n, 7T7 G 7rr} = A{f ak ^ 1 : k <n,nj G nT}; 
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it is clear that this A-span of T's is left stable under the action of J^j n _ x . 
Now this submodule is isomorphic to 3^j n _ x ®j n _ x \s\ n E (as a W / j n _ 1 -graph) 
by Theorem 17.61 

The a„-subgraph is {C' anylT1 : ttj G 7rr} and spans a cellular quotient 
since the only other <i-subgraph spans a submodule. This quotient is iso- 
morphic to a n i\E as a W / j n _ 1 -graph. Moreover, a n iiE is exactly Res j n _ x E 
as L = Kr\a n Ia~ x = K = J n -\- The following exact sequence summarizes 
what we have so far. 
(38) 

> ^J n _! ®j n -A*x nE > R^Jn-i-^ ®^„_! ^ > Resj^E > 0. 

Applying 7r to the H / j n _ 1 -graphs in this sequence to obtain Wj^ -graphs 
(as explained before Theorem I7.6P and then tensoring with yields 
(39) 

> ^ ®J;„ 2 Res^^vr 2 ^ > ^ ^ _ E) 1 -> 0, 

where Resj'^vr 2 ^ is the -graph obtained from Resj n _ 2 £' by increas- 
ing descent set indices by 2. The leftmost isomorphism comes from the 
isomorphism of Coxeter group pairs (Wj^v^, Wj n _ x ) = (Wj/_ ,Wj> _ ) 
given by conjugation by 7r. The other two isomorphisms are applications 
of Proposition I7.8I . 

The submodule F 2 := J^® j^_ 2 Resj^_ 2 n 2 E (resp. the quotient (Jrf? + ®^ 

E)i) is the reduced (resp. non-reduced) part of E 2 . We have proved the 
following analogue of Proposition I7.10I 

Proposition 7.13. The submodule and quotient of E 2 given by / fffPj) are 

cellular and the maps in take canonical basis elements to canonical 
basis elements or to 0. 

Example 7.14. The non-reduced part of E 2 for E = e + is the top row 
of the P^-graph in Figure [2j The cells comprising it are labeled "non-red" 
below the tree. 

At u = 1, the decomposition (13"9"|) becomes 

(40) E 2 \ u=1 = V®V®E = T 2 cd V®E®V®E 

(with the left-hand isomorphism from Proposition I7.4p . but the computa- 
tion is different from that of §7.41 We omit the details. 
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8. Decomposing V ®V ® E and the functor Z 2 

In this section we study a W^-graph version of the decomposition V ® 
V ®E = S 2 V®E(B A 2 V ®E. Along the way, we come across a mysterious 
object, the sym-wedge functor Z 2 . At u = 1, this is some kind of mixture 
of the functors S 2 ed V® — and A 2 V® — , where S 2 ed V = Z,{xi®Xj-\-Xj®Xi : 

i^]} cs 2 v cv®v. 

8.1. Let A be the W5\ S2 -graph on J#s\s 2 ®J'_ 2 ^ obtained from Theorem 
12.31 For any VT-graph T and s G S, define Tj = {7 G T : s G £(7)} 
and Y+ = {7 G T : s £ £(7)}. In this case, A~ = {C' Sl)1 '■ 7 G T}, 
and A+ = {C( i7 : 7 G T} as L(w,"f) = L(w) U £(7). Also note that 
C\ 7 = C(H 7 and ^ = ^87. 

It is clear that in the case T = FV , , AA~ is a cellular submodule of 

J n-2 1 

AA. This is actually true in full generality as we will see shortly (Lemma 
18.31) . Now define the sym-wedge functor Z 2 by Z 2 AT = Jf ®s\ S2 AA.~, 
with a H^-graph structure coming from Theorem 12.31 

Theorem 8.1. The -module Z 2 AT is a cellular submodule of F 2 := 
J^®j, AT. 

J n-2 

Proof. By Lemma I8~3l (below) . AA~ is a cellular submodule of AA. Propo- 
sition [2]6] shows that rW®s\s 2 is a cellular submodule of ^f®s\s 2 AS, 
and M' ®s\s 2 S and M' ®j'_ 2 T give the same VF-graph structure on F 2 
by Proposition 13.71 □ 

The sym-wedge functor was discovered by looking at examples. The 
preceding proof sort of explains why such a cellular submodule should 
exist, but it is still somewhat surprising it does not agree with S 2 ed V <g> — 
at u — 1. We will determine what Z 2 AT is at u = 1 in §8.21 and address 
its relation with S 2 cd V <S> — and A 2 V <E> — in §8.51 It will be useful for us 
later to know the following additional structure possessed by Z 2 . 

Proposition 8.2. The rule E i-> Z 2 E is a functor Z 2 : Jff -Mod -> M 3 - 

Mod. Moreover, if E = AT for some W -graph T, then taking cellular 
submodules or quotients of E gives rise to cellular submodules and quotients 
of Z 2 E in the same way induction does in Proposition \2.6[ 

Proof. As explained above, the proposed functor Z 2 is the composition 
(41) 

JT-Mod eS< ~ 2 ) jr j; _ 2 -Mod ^ s ^®~, J^\ S2 -Mod ^ Jf SV2 -Mod J>F-Mod, 

where C\F) is the kernel of F > F and is left multiplication 

by h (by Lemma 18.31 mc a -p] is an ^5\ S2 -module homomorphism and its 
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kernel equals AA~ in the case F = AA). Thus it suffices to show that ( is 
a functor and respects cellular subquotients as claimed. 

Let F and F* be Ws\ S2 -graphs and / : F — > F* be an j£s\.s 2 -module ho- 
momorphism. As / mc> n -[2] = m c > Si ~[2)f, /(ker(mc^-[2])) Q ker(m c -, i _ [2] ). 
Thus / t— > /|ker(m^/ ,) defines £ on morphisms and this certainly respects 
composition of morphisms. 

For the second statement, just observe that if A is a W"s\ S2 -graph and T C 
A spans a cellular submodule, then ((AT) is the intersection of the cellular 
sub modules AT and AA~ , which is a cellular submodule of C(AA) — AAj . 
Similarly, if T* is the vertex set A\T, then C(AT*) = A(T* n A~), which 
is the cellular quotient AAjJ((AT) of AA~. □ 

Lemma 8.3. For any W -graph A and s G S , the kernel of the map of 
abelian groups mc-[2] '■ AA — > AA (where is left multiplication by h) is 
equal to AA~ . If s commutes with t for allt G S and F is any -module, 
then mc-[2] '■ F — > F is an '-module homomorphism. Therefore, if A is 
a Ws\ S2 -9 ra ph, then AAj is a cellular submodule of AA. 

Proof. Certainly any h G AA~ is in the kernel of mc'-m- To see that 
the kernel is no bigger, let h = ^ AgA c\\ (c\ G A) be an element of AA 
satisfying (C' s — [2])h = 0. We may assume that c\ = for A G A~. Also, 
by multiplying the c's by some power of u, we may assume that c\ G A~ 
for all A and c\ ^ tt -1 A - A for at least one A. Then computing mod A~A, 
we have 

(42) o = ^c A ( Yl mm)<h -mJ2 c ^ = - u J2 c ^ x - 

AeA Vj^seL^)} J AeA AeA 

Therefore c\ G -?i _1 A~A for all A, contradicting the earlier assumption. 

The second statement is a special case of the fact that rrih is an Jtif- 
module homomorphism whenever h is in the center of J^f. □ 

8.2. To better understand the functor Z 2 , let us determine what it be- 
comes at u = 1. 

Proposition 8.4. The image of Z 2 E\ U= \ under the isomorphism F 2 \ u= \ = 
T 2 ed V ® E of (ESP is S 2 red V ® E (resp. A 2 V ® E) ifRes W{si} E is a sum of 
copies of the trivial (resp. sign) representation. 

Proof. Under the isomorphism F 2 \ u= i = T 2 ed V <S>E, the standard basis for 
Z 2 E coming from realizing it as J$? ®s\s 2 AAj (see the discussion before 
Theorem 18.11) satisfies 
(43) 

( T a fc ,i K 5\ S2 c 'si^j;_ 2 7)U=i = (ak,i+ai,k+i)^l < — > x k ®xi®a k) is 1 <y+xi®x k ®a k) i'y (k < I), 
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where AMI) has been used freely. Therefore if si acts trivially on E, then 
the rightmost expression in ( j4"3"l) becomes (xk ® x\ + x/ <E> Xfc) <g> 0^7. If 
si acts by -1 on E, then it becomes (— Xk ® xi + xi ® Xk) ® ctk,ij- The 
proposition then follows, as Zja^/7 : 7 G T} = E\ u=1 . □ 

8.3. A correct W^-graph version of tensoring S 2 ed V with E is ffl ®s\ S2 E, 
and the projection T 2 ed V (g> .E -» S^V ® -E corresponds to 

(44) E 2 = Jtf <g> j; _ 2 E = J4? ® 5 \ S2 JT S \ S2 ® j; _ 2 £ -^l ^ ® 5 \ S2 £7, 

where = ^<S>s\ S2 P(E). This is justified by the following calculation 
at m = 1. 

Proposition 8.5. T7ie module Jf ®s\s 2 E is a u-analogue of S 2 ed V <S> E 
(via the right vertical map of the following diagram, to be defined) in a way 
so that the diagram commutes. 

(45) {MP ®.v n a E) \ u=1 {J? ® S \ S2 E) \ u=1 

Z P(e) \ 

T 2 ed V ® E » S^V (8 J5 

Proof. Here we will think of as the subspace Z{xkXi : 7^ /} of 

(Z[xi, . . . , x n })2, and the map ® i? — > S^V ® i? as the one sending 

Xfc <g> x/ to XfcX/. The right vertical map comes from an application of the 
modified Proposition 17.11 (in which g IE e t— > (3 § 1) ® gee replaces (I28p . 
where c G G commutes with all of K). In this application, use G = W, K = 
W S \ S2 , c = si. We have ZG ® ZK Z = S 2 cd V by a k ,i El 1 ■-> x fc x« for fc < Z. It 
is straightforward to check that this is a ZG-module homomorphism; the 
most interesting case is s&afc^+iKl = afc+i^+iKIl = ak,k+isi^l = a^fc+ilEll, 
which matches Sk{xkXk+i) = Xk%k+i- It can be checked directly on the 
basis {^,1^7 : k G [n],l G {2, . . . , n}, 7 G T} of (Jf?®j^_ a E)\ u=1 that the 
diagram commutes. □ 

8.4. It is immediate from Proposition l7.4l that the right-hand vertical map 
in the diagram below is a -u-analogue of the surjection V®V®E — > S* 2 ^®^. 
Let us check that this is compatible with the projection (3(ir 2 E) - the u- 
analogue of the projection T 2 ed V ® E — > S 2 ed V ® E. This amounts to 
checking that the following diagram commutes, where the top horizontal 
map is from (1391) and the bottom horizontal map we take to be the inclusion 
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of the 7r 2 -subgraph of Res ® ^ E. 



(46) 



J n-2 



J? ® S \ S2 7l 2 E 



-*(J%> + ®^ (M>+ ®jr^)i)i 

/3((j?+<g>,^E)l) 

(JF+^E) 2 



It is straightforward to check, given Theorem 17.61 and the derivation of 
( |39l) . that standard basis elements behave as shown under the horizontal 
maps. This proves that the diagram commutes. 
(47) 



T 2 



T 2 

* Oft,*) 71 " 7 



-> T, 



a fc 7r,a(_i7r,7 



-> T 2 



T 2 h 



a fc 7r,ai_i7r,7 



T a; _ lifc El r si (vr 2 7 ) i > T ai , k 7r 2 ® T Sn _ l7 



The left-hand diagram is for k < I and the right for k > I > 1. 

This calculation will be used to show that the work we do in the next 
subsection for the ®j — version of tensoring with V is also useful for 
the (J%? + ®,#> — )i version. 



8.5. In this subsection we will partially determine the projection /3(E) on 
canonical basis elements. Despite the fact that Jf <S>s\ S2 E is a -u-analogue 
of S 2 cd V <S> E and Z 2 E is not, our study of Z 2 was not wasted. It will be 
helpful for determining what (3(E) does to canonical basis elements. This 
is not so easy to see directly, as it does not simply send canonical basis 
elements to canonical basis elements. 

By Lemma 18.31 AT J is a cellular sub module of Ress\ S2 AT with corre- 
sponding quotient AT+, hence the exact sequence 

(48) AT- -> Res 5 \ S2 Ar -> AT+ -> 0. 

Since F 2 , Z 2 AT, S 2 ed VAT only depend on Ress^ AT, this sequence yields 
the three columns in the diagram below. The left column is exact by 
Proposition 18.21 and the other two are exact by exactness of induction. 
The left two squares commute because ( (of the proof of Proposition 18.21) 
of a morphism just restricts its domain, and the right two squares commute 



34 JONAH BLASIAK 

because (3 is a natural transformation. 
(49) 







Z 2 AT 



Z 2 AT 



Z 2 AT: 







^JfC^j. AT- 



Jf(g)j> AT 



$(AFJ 1 ) 



3tf 



P(AF) 



-4 J4? ®j. AT+ 







-4 ® S \ S2 



^®s\ S2 ATX 







Lemma 8.6. Given w G W Jn ~ 2 , 7 G T, suppose that either s\ R(w) 
or s\ L(j). Then (3{AT){C' wn ) , C' wa G ^ ®j' n _ 2 AT lies in the lattice 
: A~M > ... T. 

Proof. First note that the standard basis for ffl 1 <8>j' ^4r coming from 



T„ K1 5 \ S2 7, and 

[2]T V ® S \ S2 7 if Si G T, 

E /i(5,7)T^ 5 \ S2 5 if Sl gr, 

{5: S iGL(<5)} 

for u G W S \ S2 . Then since the elements T v ^s\s 2 7 are a standard basis 
for 3% ® 5 \ S2 AT, the lattice Jzf = A-Jf? ®j,_ a T is sent to u5S' by /3(Ar). 
Now for w G W J ' n - 2 , S\ £ R(w) implies w G W S ^ S2 . In this case, 



realizing J$? 




AT 

2 


as Jif ®s\ S2 




(50) 












T v 




2 1 7 








^S\s 2 







(51) G T ttA + vT 1 * 



p(AT) 



On the other hand if Si G R(w), then w = vsi for t> G W S \ S2 , and in this 
case we are assuming si £(7). Hence 



(52) C' V8l „ef v& +t J - 1 if^T^ SV2 iT + ^' = y'. 



For the remainder of the subsection set Jzf* = A Jf ®>s\s 2 r s • 



□ 



Theorem 8.7. T7ie arrows in faffi ) are compatible with the W -graph struc- 
tures in the following sense. 



W-GRAPH VERSIONS OF TENSORING WITH THE S n DEFINING REPRESENTATIONS 



(i) Vertical arrows take canonical basis elements to canonical basis 
elements or to 0. 

(ii) The top non-zero row, on canonical basis elements, satisfies 

(53) C' w ,c> in i > C' wsin k— ^ [2)C' W>J , and (w G W s ^) 

C' w>1 1 t-> mod if* 

(Hi) The bottom non-zero row, on canonical basis elements, satisfies 

(54) C' W! c> nn i > C' wsiil i > 0, and (w G W s ^) 

fji i > (7/ 

Proof. Statement (i) follows from Proposition 12.61 and Proposition 18.21 

The horizontal arrows on the left side of fj49l) are understood from The- 
orem [HH1 each is the inclusion of a cellular submodule. 

To see (ii), first observe that Res s \ S2 r~ and A~ C J#s\s 2 ( as 
in Theorem 18. ip are isomorphic as W / s\ S2 -graphs. This is clear from the 
remarks preceding Theorem 18.11 and from (Q. An isomorphism, up to a 
global constant, between these two objects is given by 

(55) AA- ^± AF-, C' S1>1 » [2] 7 . 

Therefore, tensoring /3(AT~) with Jif and applying the construction of 
Theorem 12.31 yields a map taking each canonical basis element to [2] times 
a canonical basis element. This map is the composite of the maps in the 
top non-zero row of (1491) . 

The second line of ( )53|) follows from Lemma [8.61 

The proof of (iii) is similar to that of (ii). The H / 5\ S2 -graphs Res,s\ S2 r+ 
and A+ C J#s\s 2 ®J' n _ 2 are isomorphic via 

3(AT + ) ~ 

(56) AAX^—^ATX, C" 1)7 ^ 7 . 

Tensoring with M 3 yields a map taking canonical basis elements to canon- 
ical basis elements, and this map is the bottom right horizontal map of 

~ /3(^r+) 
To see the first line of ( 1541) . first observe that C' Sul = C IE 7 1 — > 

C' si , y = 0, with the equality by definition of the quotient AT+. Then use 
the fact that any C' &a is in A{T X M C\ i7 : x G W S \ S2 ,^ G T+} (see 
Theorem 18.11 and the preceding discussion) . □ 
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Theorem 8.8. The map /3(AT) (the middle right horizontal map of ffllfy), 

on canonical basis elements, satisfies 

-> [2}C' W „ if Sl eL(j), 

— > modJzf* z/siGL( 7 ), 

1 J ^ Sll7 — > 0_ mod^* i/ Sl gL( 7 ), 

C' wa i — ► (\ 7 modJzf* i/ai^L(7), 

where w is any element of W S \ S2 (and ^* = A~J^ ® S \ S2 TjJ. 

Proof. The first and second line of (|57|) follow from Theorem 18.71 (ii) and 
the top right square of (|4"9"]l . as each vertical map in this square is the 
inclusion of a cellular submodule. 

For the third line, apply Theorem l8.7l (iii) to show that C' WSin G J^®ji_ 
AT, going down and then right, maps to G Jf? ®s\s 2 AT+. Therefore 
(going right) P(AT)(C' WS1;1 ) G ^ ® S \ S2 AT~ C ® 5 \ S2 AI\ Combining 
this with Lemma [8.61 yields the desired result. A similar argument proves 
the fourth line. □ 

In a way made precise by the corollary below, the sets 

(58) z 2 t- Si u (jr ® j; _ 2 r+\z 2 r+ ) and z 2 r+ u (jt ® j; _ 2 r~ \z 2 r;j 

are canonical bases for S^V ® and A 2 V £g> AT, respectively, as w — > 0. 
We therefore call these subsets of Jif T combinatorial reduced sym 

and combinatorial wedge respectively. 

Corollary 8.9. After adjoining t|j to A, there exists a '-invariant basis 

{c xn : x G W J ' n - 2 ,^ G T} of Jif ®J'_ 2 AT so that the transition matrix to 
the basis ®j' n _ 2 T tends to the identity matrix as u — > 0, and so that 
under the map /3(AT) 



(59) 



i— > [2]C' wn i/ Sl eL( 7 ), 
c m , 7 i — ► i/si G L(7), 

c WS1j7 i — > 0^ ifsx^L^), 

i/si £ L( 7 ), 



where w is any element of W S \ S2 . 

Theorem 18.81 and Corollary 18.91 also apply with it 2 AT replacing AT. 
There is a potential pitfall here as tt 2 AT is not the restriction of an Jtf- 
module to ^j^_ 2 - However, it is an ^5\ S2 -module, since K fl 7r 2 fr 7r -2 = 
S\s 2 , which is all that is needed to apply the results in this subsec- 
tion. Also, by §8.41 the projection j3(n 2 E) specializes to the projection 
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T r 2 d V <g> E -> S^V (8) £ at it = 1. Thus we can write M' ®.v n _ 2 vr 2 r as the 

disjoint union of 

(60) 

zVr; u(j^(8)j/ ,7r 2 r+ \^Vr+ JandzVr+ 1 u(jr<g) J , yr; A^Vr; J, 

which will also be called combinatorial reduced sym and combinatorial 
wedge. 

Example 8.10. In the W-graph in Figured! combinatorial reduced sym 
is the lower triangular region consisting of the first i entries of row % for 
i = 1,2,3; combinatorial wedge is the upper triangular region consisting 
of the last 4 — i entries of row i for i = 1, 2, 3. For general T, the picture 
would be similar: the VF-graph could be drawn in n by n chunks and 
combinatorial reduced sym would consist of lower triangular regions for 
7 G r~ and upper triangular regions for 7 £ T+. 

In the VT-graph in Figure [21 combinatorial reduced sym is the lower 
triangular region consisting of the first i — \ entries of row % for i = 2, 3, 4; 
combinatorial wedge is the upper triangular region consisting of the last 
5 — i entries of row i for % = 2, 3, 4. 

The labels "sym" and "wedge" below the trees mark the cells in combi- 
natorial reduced sym and combinatorial wedge. 



9. Combinatorial approximation of V <g> V <g> E -» S 2 V ® E 

For this section, let T be a cell of Tw labeled by a tableau T°. We will 
describe the results of JT] and $8] in terms of cells and their tableau labels. 



9.1. For a tableau P, let P rjC be the square of P in the r-th row and c-th 
column. Suppose that P ri , ci , ■ ■ ■ , Pn,c t are squares of P such that P ri , Ci is 
an outer corner of P l_1 := P\{P ri cl , . . . , P Ti _ lfii _ 1 }. Then referring to the 
sequence of tableau P, P 1 , . . . , P l , we say that P rilCl , ■ • ■ , P n , Ci are removed 
from P as a horizontal strip (resp. removed from P as a vertical strip) 
if c\ > c 2 > • • • > Q (resp. 77 > r 2 > ■ • • > r{). Equivalently, if P* is 
the skew tableau of squares {P n ci , . . . , P n , C; } with I + 1 — i in P rilCi , then 
jdt(P*) is a single row (resp. column). Similarly, referring to the sequence 
of tableau P l , . . . , P 1 , P, we say that P ri , Cl , • • • , P-i.ci are added to P l as a 
horizontal strip (resp. added to P l as a vertical strip) if c\ > c 2 > • ■ • > Q 
(resp. 77 > r 2 > ■ • • > rj). 
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Recall the local rules for the RSK growth diagram (see, e.g., [12l 7.13]). 
Letting A, //, v be partitions with // C A, u, we notate these local rules by 
(61) 

{A if A = n = u, 

(Ai, . . . , X h X i+1 + 1, A i+2 , . . .) if A = v = (/ii, . . . , fa + 1, fi i+1 , . . . 
XUu if A ^ u, 

Sf(l; A,/i,z/) = (Ai + 1,A 2 ,...) ]£X = fi = v. 

Here A U v denotes the partition whose z-th part is max(Aj, z/j). 

Let a —>■ P (resp. a <— P) denote the column (resp. row) insertion 
of a into P. For the next theorem we will use freely the descriptions of 
cells given in §H The shorthand P> will be used for P >c = jdt(P*), where 
P* is the skew subtableau of P with entries > c and c is the smallest 
entry of P. In what follows we will use the somewhat redundant local 
sequences for cells that come from writing E 1 , E 2 , F 2 , F 2 as Jif <8> j <8> j 
AT, M'®jM'j®jM > ®jM > j®jAY, J^®jJ^j®j^_ 2 ^_ 2 ®j> n _ 2 J^j^jAT, 
®s\s 2 ^s\s 2 ® j;_ 2 «^j;_ 2 ®J' n _ 2 >%s\n ®s\ S2 AT respectively; these last 
two will be referred to as Fj and Pf\ S2 respectively. 

Theorem 9.1. 

(i) The map ®j a : E 1 -> E 2 of §M) is given on cells by (T 1 , 7* , T°) i-> 
(T 1 ,T^, P,T^,T°) , where P = 1 — > T>. In particular, 

sh(P) = 0(1; sh(T^), sh(T^), sh(T*)). 

(m,) T/ie inverse of the map E 2 — > F] of is given on cells by (T 2 , T^T-^T 1 , T°) i— > 
(T 2 ,Tl,P,T\T°), where 

sh(P) = (0; sh(T 2 ), sh(T 2 2 ), s^T 1 )); 

P determined by its shape and P > = T 1 . 

(Hi) The isomorphism of W -graphs F 2 — > P|\ S2 o/ Proposition \37\ is given 
on cells by (T 2 , T 2 , T 2 2 , T 1 , T°) ^ (T 2 , (P 2 , T 2 2 ),T 2 2 , (P 1 , T 2 2 ), T°), ^ere 
P 1 i/ie tableau PT2I ('resp. ^-j «/P°\T 1 ,T 1 \T 2 2 are removed from T° as 
a horizontal strip (resp. vertical strip), and P 2 is the tableau Ul2| (resp. 

I]) if T 2 \T 2 2 ,T 2 \T 2 are added to T 2 2 as a horizontal strip (resp. vertical 
strip). 

(iv) The cells of P|\ S2 combinatorial reduced sym (resp. combinato- 
rial wedge) are those with local sequences (T 2 , (P 2 , T 2 2 ),T 2 2 , (P 1 , T 2 2 ),T°) 
such that P 2 and P 1 /iove t/ie same shape (resp. different shape). 

Proof. For (i)-(iii), we will use J = J n _i instead of J = J' n _i and the 
comments in §4.41 to go back and forth between these conventions. 
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The map ffl® ja on canonical basis elements is given in stuffed notation 

by 

(62) (z u jz u z ) i ► (zi, jz u jzm, jzi, z ). 

Here the Zi are thought of as words so that jZ\n is just the word jZ\ 
with n appended at the end. The map on cells is then (T 1 , T< n , T°) h- > 
(T x ,T< n , P, T< n , T°), where P = T\ n <— n. Statement (i) then follows by 
applying the Schiitzenberger involution. 

For (ii), observe that the inverse of Jrf? ®j r of fl32l) is given in stuffed 
notation by 

(63) (z 2 , jz 2 , z 0Jn _ 2 ,z 0J , z ) I— > (z 2 , jz 2 , z 1 , z 0J , Zq), 

where Z\ = jz 2 *k (jz 2 * is obtained from jz 2 by increasing all numbers 
> k by 1) and k is such that z 0J = zo*j n _ 2 k (^o} n _ 2 is obtained from z 0Jn _ 2 
by increasing all numbers > A; by 1). Thus if (T< n )* := P(jZ 2 *) and 
(T| n _ x )* := P( Jn _ 2 V), then 

(64) P := P{ Zl ) = (T 2 <n Y <- k, and T 1 := P(z 0J ) = (T^)* «- k. 

Note that k ^ n and z 0Jn _ 2 = Jn _ 2 z 2 imply (T| n )*\(T| n „ 1 )* is a square 
containing an n. The element A; inserts in these tableau exactly the same 
way, except that the final step of (T3 n )* <— k may bump the n down one 
row; this case corresponds exactly to the case sh((T3 n )*) = sl^T 1 ). 

Statement (iii) is really two separate statements, one for a bijection 
of local sequences corresponding to Resj^_ 2 ResjAr = Resj^_ 2 Ress\ S2 Ar, 
and one for a bijection of local sequences corresponding to ® Jtfj <E> T = 
Jf? ® J%s\s2 ® T (T some cell of IV )• The first bijection follows from 

J n-2 

[j~2l Lemma 7.11.2] (This includes the statement that if P is a tableau and 
j < k, then the square (P <— j)\P lies strictly to the left of ((P j) <— 
k)\(P <— j). We also need that if j > k, then the square (P <— j)\P lies 
weakly to the right of ((P j) <— k)\(P <— j), which is similar.) The 
second bijection is the definition of adding as a horizontal or vertical strip 
in the case that J = J n -i- 

To see (iv), observe that the local labels of the cells of Ress\ S2 r+ (resp. 
Ress\ S2 r~) are of the form ( l 1 1 2 1 , T^ 2 ) (resp. (y,T^ 2 )); the local labels of 

the cells of A+ (resp. A~) are of the form ( |i|2| , X^ 2 ) (resp. (^,T 2 2 )), 
where A = J#s\s? ® j' _ T. □ 



1 


2 


3| 


1 


6 




5 







On the left is the local sequence of a 



Example 9.2. Suppose T° 

cell of E 2 (reading from left to right, ignoring the bottom middle tableau) 
and the local sequence of the corresponding cell of F] (reading from left 
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to right, ignoring the top middle tableau). The tableau are arranged this 
way to match an RSK growth diagram picture. Above the tableau are the 
coordinates of the stuffed notation for a canonical basis element in this 
cell. 

On the right is the local sequence of the corresponding cell of Pf\ S2 . 



362145 



36245 



526134 
3645 



52634 



541623 



362145 



21,3645 



3645 



541623 



21,3645 



1 


4 


I] 


1 


3 


n 


1 


2 


3| 


1 


4 


5 


2 


6 




2 


6 




1 


6 




2 


6 




3 






5 






5 






3 







1 




3 


4 5| 


1 




3 


4 1 5 


2 




6 




2 


j 


6 





1 


2 


3| 


4 


6 




5 







4 5 



4 5 



9.2. For the W- graph version of tensoring with V coming from the affine 
Hecke algebra, we have a similar theorem. Let W(a; A, /i, v) = (Sf(a; A', /i', if))', 
where ' of a partition denotes its transpose. Let E 1 , E 2 , Fj , Pf\ S2 be de- 
fined analogously to E 1 , E 2 , Fj , Pf\ S2 - More precisely, E 1 and E 2 will use 
three- and five-term local sequences as in Examples 14.61 and I9.4( Fj refers 
to <g>j M'j ®j' n _ 2 7r 2 (^j n _ 2 ®J„- 2 ^Jn-i ®J n -\ witl1 a six-term lo- 
cal sequence as in Example 19.4} and S2 refers to M' 



>Jn- 



J J' 

J n-2 



S\s„- 



) S\s„- 



Theorem 9.3. 

(i) The inverse of the map E 2 



AT) also with a six-term local sequence. 



E 1 of (TJ2p is given on cells by (T 1 , T*, T° 



(P 2 , P 2 , P\ Tl, T°), where P 1 is determined by sh(P 1 ) = 2f'(l; sh(T^), sh(T^), sh(T*)) 
and the entries in P 2 ,P 2 have the same relative order as those in T 1 ,!^. 
ii) The map Fj -> P 2 of is given on cells by (T 2 , T 2 ,T 2 2 , 7r~ 2 T 2 2 , T\ T°) i-> 
(P 2 ,Pl,P\Pl,T°), where P 1 is determined 6ysh(P 1 ) = ^'(0; sh(T|), sh(T| 2 ), shfT 1 )) 
and the entries of P 2 , P 2 , P> nave i/ie same relative order as those in 



T 2 ,T 2 ,T l . 



(Hi) The isomorphism of W -graphs Fj 
on cells by 



2 ~ 



5\s 2 °^ Proposition 3. 7 zs given 



(T 2 ,T 2 ,T >2 , 



7T 



2 T| 2 , T\ T°) ^ (T 2 , (P 2 , T 2 2 ), T 2 2 , vr- 2 T 2 2 , (vr 



2 ^ 2 ,P 1 ),T°), 



n-J 



where P 1 zs t/ie tableau n I (Vesp. LlLlj if T°\T l ,T 1 \k 2 T 2 2 are removed 
from T° as a horizontal strip (resp. vertical strip), and P 2 is the tableau 



I 1 ! 2 ! (resp. \2]) if T 2 \T 2 2 ,T 2 \T 2 are added to T 2 2 as a horizontal strip 
(resp. vertical strip). 
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(iv) The cells of Fg. in combinatorial reduced sym (resp. combinatorial 
wedge) are those with local sequences 



(T 2 , (P 2 ,T 2 



>2)i 



T> 2 , (vr- 2 T 2 2 , P 1 ) 



such that P 2 and P 1 have the same shape (resp. different shape). 



Proof. Similar to that of Theorem 19. 1[ the main difference being for (ii): 
after applying the Schutzenberger involution, the analogous statement to 
AMI) is with column insertions instead of row insertions. □ 



Example 9.4. The local sequence for a cell of E 2 (top) and the local 
sequence for the corresponding cell of F 2 (bottom). 
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6 




2 


6 


4 




3 







3 


4 


6 







3 


6| 


1 


4 


1 




2 




5 




3 





1 


4 


2 


5 


3 





1 


4 


5| 


2 


6 




3 







Corollary 9.5. Theorem \9. 1\ gives a partition of the cells of E 2 into three 
parts: the non-reduced part corresponding to the image of (i), the inverse 
image of combinatorial reduced sym under (ii), and the inverse image of 
combinatorial wedge under (ii). Similarly, Theorem \9. 3\ gives a partition of 
the cells of E 2 into three parts: the non-reduced part corresponding to the 
inverse image of (i), the image of combinatorial reduced sym under (ii), 
and the image of combinatorial wedge under (ii). 

Remark 9.6. There is an obvious bijection between the cells of E 2 and 
E 2 obtained by taking a local sequence Y of a cell of E 2 to the cell of 
E 2 with the same sequence of shapes as those of T. Under this bijection, 
the cells of any of the three parts of E 2 coming from Corollary 19.51 do not 
match the corresponding parts of E 2 . 

10. Future work 

There are some natural questions to ask about the inducing P^-graphs 
construction that, as far as we know, remain unanswered. One question is 
whether the edge weights /i of the PVj-graph T being nonnegative implies 
the same for the coefficients P x ,&,w,i of ([9]) or for the structure constants 
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h x ,y !Z , defined by C' x C' y = Yj*h X) ypPL, x G W, y, z e W J x T. Our 
computations in the case W = S n are consistent with these positivity con- 
jectures, but we have not investigated the inducing jy-graphs construction 
outside this case. Presumably these should be provable in the special case 
that (W, S) is crystallographic, and T is the iterated induction of Hecke 
algebras of crystallographic Coxeter groups, by the same methods used 
to show the non-negativity of the usual Kazhdan-Lusztig polynomials for 
such W. 

Another question concerns the partial order on the cells of E^ 1 = 
M[ ®j x ... ®j d _ x J%d- F° r type A, we have stated Conjecture 16.21 For 
general type, we might hope to extend Lusztig's a-invariant to the induced 
VF-graph setting. In particular, each cell of E d ~ x is contained in a cellular 
subquotient isomorphic to Tw 1 (Theorem 13.51) . so inherits an a-invariant 
from this isomorphism; a natural question is whether z <a z' and z, z' in 
different cells implies a(z) > a(z'), where A is the W^-graph structure on 
E d ~ x . In Geek shows a slightly weaker version of this statement in the 
case E d ~ l = Res^J^, d = 2 and W2 crystallographic and bounded in the 
sense of [10, 1.1 (d)]. It seems likely that a similar proof will work for the 
general case, with all Coxeter groups crystallographic and bounded. 

In the forthcoming paper [lj, we look at the partial order on the cells 

of Resjf^ + e + . It appears that there are other important invariants 
besides the a-invariant and dominance order that put restrictions on this 
partial order. 

We have put much effort into extending the results of §0-§|9] to higher 
symmetric powers of V and have had only partial success. In a way, this 
is the subject of the forthcoming paper [I], however this focuses more 
on the extended affine Hecke algebra and less on iterated restriction and 
induction. 
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